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ANALYTIC TORSION FOR BORCEA-VOISIN THREEFOLDS
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Abstract. In their study of genus-one string amplitude F1, Bershadsky-
Cecotti-Ooguri-Vafa discovered a remarkable identification between holomor-
phic Ray-Singer torsion and instanton numbers for Calabi-Yau threefolds. The
holomorphic torsion invariant of Calabi-Yau threefolds corresponding to F1 is
called BCOV invariant. In this paper, we establish an identification between
the BCOV invariants of Borcea-Voisin threefolds and another holomorphic
torsion invariants for K3 surfaces with involution. We also introduce BCOV
invariants for abelian Calabi-Yau orbifolds. Between Borcea-Voisin orbifold
and its crepant resolution, we compare their BCOV invariants.
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Introduction
In [2], [3], Bershadsky-Cecotti-Ooguri-Vafa discovered a remarkable identifica-
tion between holomorphic Ray-Singer torsion and instanton numbers for Calabi-Yau
threefolds. For a Calabi-Yau threefold X , they introduced the following combina-
tion of Ray-Singer analytic torsions [31], [5]
TBCOV(X, γ) = exp{−
∑
p,q
(−1)p+qpq ζ′p,q(0)},
where ζp,q(s) is the spectral zeta function of the Laplacian acting on the (p, q)-forms
on X with respect to a Ricci-flat Ka¨hler metric γ. Although TBCOV(X, γ) itself is
not an invariant of X , its correction [12]
τBCOV(X) = Vol(X, γ)
−3+χ(X)12 VolL2(H
2(X,Z), [γ])−1TBCOV(X, γ)
1
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is an invariant of X , where VolL2(H
2(X,Z), [γ]) is the covolume of the lattice
H2(X,Z) ⊂ H2(X,R) with respect to the L2-metric on the cohomology group
induced by γ and χ(X) is the topological Euler number of X . We call τBCOV(X)
the BCOV invariant of X . Because of its invariance property, τBCOV gives rise to
a function on the moduli space of Calabi-Yau threefolds. The function − log τBCOV
is identified with the physical quantity F1. Then the remarkable conjecture of
Bershadsky-Cecotti-Ooguri-Vafa [3] can be formulated as follows.
Let ∆∗ ⊂ C be the unit punctured disc. Let π : X → (∆∗)n be a large complex
structure limit of Calabi-Yau threefolds [28] with fiber Xs = π
−1(s), s ∈ (∆∗)n
and let Y be the mirror Calabi-Yau threefold corresponding to the large complex
structure limit point 0 ∈ ∆n. Define the function F top1 (t) on the complexified
Ka¨hler cone H2(Y,R) + iKY as the infinite product [2]
F top1 (t) = e
2πi
∫
Y
1
24 t∧c2(Y )
∏
d∈H2(Y,Z)\{0}
(
1− e2πi〈t,d〉
)n0(d)
12
∏
ν≥1
(
1− e2πiν〈t,d〉
)n1(d)
where KY is the Ka¨hler cone of Y and the numbers {ng(d)} are certain curve
counting invariants of Y . Then the conjecture of Bershadsky-Cecotti-Ooguri-Vafa
claims that F top1 (t) converges when ℑt ≫ 0 and that the following equality holds
near the large complex structure limit point 0 ∈ ∆n
(0.1)
τBCOV(Xs) = C
∥∥∥∥∥∥F top1 (t(s))2
(
Ξs
〈A∨0 , Ξs〉
)3+n+χ(Xs)12
⊗
(
∂
∂t1
∧ · · · ∧ ∂
∂tn
)
t(s)
∥∥∥∥∥∥
2
,
whereC is a constant, n = h2,1(Xs) = h
1,1(Y ), A∨0 ∈ Γ((∆∗)n, R3π∗Z) is π1((∆∗)n)-
invariant, {Ξs}s∈(∆∗)n ∈ Γ((∆∗)n, π∗KX/(∆∗)n) is a nowhere vanishing relative
canonical form of the family π : X → (∆∗)n, t(s) = (t1(s), . . . , tn(s)) is the sys-
tem of canonical coordinates [28] on ∆n and ‖ · ‖ is the Hermitian metric induced
from the L2-metric on π∗KX/(∆∗)n and the Weil-Petersson metric on the holomor-
phic tangent bundle on (∆∗)n. After the works of Klemm-Marin˜o [19], Maulik-
Pandharipande [27], Zinger [49], the curve counting invariants {ng(d)} appearing
in F top1 (t) are expected to be the Gopakumar-Vafa invariants of Y .
To our knowledge, this conjecture of Bershadsky-Cecotti-Ooguri-Vafa is still
widely open. Although the curvature equation characterizing τBCOV on the moduli
space of Calabi-Yau threefolds is known [5], [3], [11], [12], because of the global
nature of the differential equation and because the global structure of the moduli
space of Calabi-Yau threefolds is not well understood in general, it is difficult to
derive an explicit expression of the function τBCOV in the canonical coordinates
near the large complex structure limit point. (See [12], [45] for some Calabi-Yau
threefolds whose BCOV invariants are explicitly expressed on the moduli space.)
In the present paper, generalizing [12], [45], we shall give more examples of
Calabi-Yau threefolds whose BCOV invariant can be explicitly expressed on a cer-
tain locus of their moduli space. The Calabi-Yau threefolds which we mainly treat
in the present paper are those studied by Borcea [7] and Voisin [40]. In their study
of mirror symmetry, Borcea and Voisin introduced a class of Calabi-Yau threefolds
which are defined as the natural resolution
X˜(S,θ,T ) → X(S,θ,T ) = (S × T )/θ× (−1)T .
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Here, (S, θ) is a 2-elementary K3 surface, i.e., a K3 surface equipped with an anti-
symplectic holomorphic involution, and T is an elliptic curve. We call X˜(S,θ,T ) (resp
X(S,θ,T )) the Borcea-Voisin threefold (resp. orbifold) associated with (S, θ, T ). By
the computation of the Hodge numbers of X˜(S,θ,T ) and hence the dimension of its
Kuranishi space [40], a generic deformation of X˜(S,θ,T ) is no longer of Borcea-Voisin
type unless Sθ, the fixed-point-set of the θ-action on S, is either empty or rational.
Hence, in most cases, the Borcea-Voisin locus forms a proper subvariety of the
deformation space of X˜(S,θ,T ).
By construction, once their deformation type is fixed, Borcea-Voisin threefolds
are parametrized by a certain Zariski open subset of the locally symmetric variety
associated with the product of the period domain for 2-elementary K3 surfaces
and that of elliptic curves. We regard this locally symmetric variety as the moduli
space of Borcea-Voisin threefolds of fixed deformation type. By Nikulin [29], [30],
the deformation type of (S, θ) and hence that of X˜(S,θ,T ) is determined by the
isometry class of the invariant sublattice of H2(S,Z) with respect to the θ-action
H2(S,Z)θ = {l ∈ H2(S,Z); θ∗l = l}.
For this reason, the isometry class of H2(S,Z)θ is called the type of (S, θ) and also
the type of X˜(S,θ,T ). There exist 75 distinct types [29], [30]. We often identify a
type with its representative, hence a primitive 2-elementary Lorentzian sublattice
of the K3-lattice.
In their study of duality in string theory [16], Harvey-Moore studied F1 for a
special class of Borcea-Voisin threefolds, called Enriques Calabi-Yau threefolds, and
gave an identification between F1 for Enriques Calabi-Yau threefolds and the equi-
variant determinant of Laplacian for K3 surfaces with fixed-point-free involution.
(See also [12], [44].) After Harvey-Moore, in [43], another holomorphic torsion
invariant was constructed for 2-elementary K3 surfaces of typeM (cf. Section 2.2):
τM (S, θ) = Vol(S, κ)
14−r(M)
4 τZ2(S, κ)(θ)Vol(S
θ, κ|Sθ )τ(Sθ, κ|Sθ ),
where κ is a θ-invariant Ricci-flat Ka¨hler form on S, τZ2(S, κ)(θ) is the equivariant
analytic torsion of (S, θ) with respect to κ, r(M) is the rank of M , and τ(Sθ , κ|Sθ)
is the analytic torsion of (Sθ, κ|Sθ). By its invariance property, τM is regarded as a
function on the moduli space of 2-elementary K3 surfaces of type M . In [43], [47],
the automorphy of the function τM was established:
τM = ‖ΦM‖−1/2ν ,
where ν > 0 is a certain integer and ‖ΦM‖ is the Petersson norm of an automorphic
form ΦM on the moduli space vanishing exactly on the discriminant locus with
multiplicity ν. Recently, in [46], [22], the structure of ΦM as an automorphic form
on the moduli space of 2-elementary K3 surfaces of typeM is determined. Namely,
ΦM is always the tensor product of an explicit Borcherds product and a classical
Siegel modular form. (See Section 2.4.)
In this way, we have two invariants τBCOV(X˜(S,θ,T )) and τM (S, θ), which can
be identified by Harvey-Moore [16] when S/θ is an Enriques surface. Our first
result is an extension of this identification of Harvey-Moore to arbitrary types of
Borcea-Voisin threefolds and the corresponding 2-elementary K3 surfaces.
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Theorem 0.1. There exists a constant CM depending only on the isometry class
M such that for every Borcea-Voisin threefold X˜(S,θ,T ) of type M ,
τBCOV(X˜(S,θ,T )) = CM τM (S, θ)
−4 ∥∥η(T )24∥∥2 ,
where ‖η(T )‖ is the value of the Petersson norm of the Dedekind η-function evalu-
ated at the period of T .
For an explicit formula for the BCOV invariant in terms of automorphic forms,
see Corollary 3.3. We remark that Theorem 0.1 was conjectured in [45, Conj. 5.17].
After the conjecture of Bershadsky-Cecotti-Ooguri-Vafa (0.1), Theorem 0.1 clarifies
the significance of the invariant τM in mirror symmetry.
Since the BCOV torsion makes sense for Calabi-Yau orbifolds, it is natural to
ask the possibility of extending the construction of BCOV invariants to Calabi-Yau
orbifolds. In this paper, we give a partial answer to this question by constructing
BCOV invariants for abelian Calabi-Yau orbifolds.
Let Y be an abelian Calabi-Yau orbifold and let ΣY be its inertia orbifold (cf.
[18], [24]). We define the BCOV invariant of Y as
τorbBCOV(Y ) = TBCOV(Y, γ)Vol(Y, γ)
−3+
χorb(Y )
12 VolL2(H
2(Y,Z), [γ])−1
× τ(ΣY, γ|ΣY )−1Vol(ΣY, γ|ΣY )−1,
where γ is a Ricci-flat Ka¨hler metric on Y in the sense of orbifolds, χorb(Y ) is a
rational number defined as the integral of certain characteristic forms on Y and ΣY
(cf. (6.2)), and τ(ΣY, γ|ΣY ) is the analytic torsion of (ΣY, γ|ΣY ). (See Section 7.)
When Y is a global Calabi-Yau orbifold Y = X/G, then χorb(Y ) = χ(X,G) is
the string-theoretic orbifold Euler characteristic of Y and is equal to the Euler
characteristic of an arbitrary crepant resolution of Y (cf. [32]). In Sections 6 and 7,
we shall prove that τorbBCOV(Y ) is independent of the choice of γ. Hence τ
orb
BCOV(Y )
is an invariant of Y . Then a natural question is a comparison of the two BCOV
invariants τBCOV(Y˜ ) and τ
orb
BCOV(Y ), where Y˜ is a crepant resolution of Y . In
Section 8, following Harvey-Moore [16], we shall prove the following.
Theorem 0.2. There exists a constant C′M depending only on M such that for
every Borcea-Voisin orbifold X(S,θ,T ) of type M ,
τorbBCOV
(
X(S,θ,T )
)
= C′M τM (S, θ)
−4 ‖η(T )24‖2.
Corollary 0.3. There exists a constant C′′M depending only on M such that for
every Borcea-Voisin orbifold X(S,θ,T ) of type M ,
τBCOV(X˜(S,θ,T )) = C
′′
M τ
orb
BCOV
(
X(S,θ,T )
)
.
Our proof of Corollary 0.3 is indirect in the sense that it is a consequence of
Theorems 0.1 and 0.2. A direct proof of Corollary 0.3 along the line of [45, Question
5.18] is strongly desired.
To prove Theorem 0.1, we compare the complex Hessians of log τBCOV and
log(τ−4M ‖η24‖2) to conclude that log[τBCOV/(τ−4M ‖η24‖2)] is a pluriharmonic func-
tion on the moduli space of Borcea-Voisin threefolds of typeM . Then we must prove
that log τBCOV and log(τ
−4
M ‖η24‖2) have the same singularity on the discriminant
locus of the moduli space. By the locality of the singularity of log τBCOV established
in [48] and the corresponding result for log τM in [43], we can verify that τBCOV
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and τ−4M ‖η24‖2 have the same singularity on the discriminant locus by computing
their singularities for some particular examples of Borcea-Voisin threefolds.
The construction of BCOV invariants for abelian Calabi-Yau orbifolds is an
application of the theory of Quillen metrics [5], [4], [23], [24]. Proof of Theorem 0.2
is parallel to the one in [16].
This paper is organized as follows. In Section 1, we recall BCOV invariants and
their basic properties. In Section 2, we recall the holomorphic torsion invariant τM
for 2-elementary K3 surfaces and its explicit formula. In Section 3, we prove The-
orem 0.1. In Section 4, we study a certain orbifold characteristic form associated
to orbifold submersions. In Section 5, we study the variation of equivariant BCOV
torsion. In Section 6, we extend BCOV invariants to global abelian Calabi-Yau orb-
ifolds and establish its curvature formula. In Section 7, we extend BCOV invariants
to general abelian Calabi-Yau orbifolds. In Section 8, we prove Theorem 0.2.
Acknowledgements The author thanks Professor Akira Fujiki for helpful dis-
cussions about Kuranishi family. He also thanks the referee for the simplification
of the proofs of Lemmas 4.10 and 4.11 and for very helpful comments.
The author is partially supported by JSPS KAKENHI Grant Numbers 23340017,
22244003, 22224001, 25220701.
1. BCOV invariants for Calabi-Yau threefolds
A compact connected Ka¨hler manifold X of dimension 3 is called a Calabi-Yau
threefold if the following conditions are satisfied
(1) KX ∼= OX , (2) H1(X,OX) = H2(X,OX) = 0.
If a compact Ka¨hler orbifold of dimension 3 satisfies (1), (2), then X is called a
Calabi-Yau orbifold. It is classical that every Calabi-Yau threefold is projective
algebraic and that every Ka¨hler class of a Calabi-Yau threefold contains a unique
Ricci-flat Ka¨hler form [42].
1.1. Analytic torsion. Let V be a compact Ka¨hler manifold of dimension n with
Ka¨hler metric g =
∑
α,β gαβ¯dzα ⊗ dz¯β . Then the Ka¨hler form of g is defined as
γ := i2
∑
α,β gαβ¯dzα ∧ dz¯β. Let (ξ, h) be a holomorphic Hermitian vector bundle
on V . Let q = (∂¯ + ∂¯
∗)2 be the Laplacian acting on the (0, q)-forms on V with
values in ξ. Let σ(q) be the spectrum of q and let E(q;λ) be the eigenspace
of q corresponding to the eigenvalue λ ∈ σ(q). Then the spectral zeta function
of q is defined as
ζq(s) :=
∑
λ∈σ(q)\{0}
λ−s dimE(q;λ).
It is classical that ζq(s) converges absolutely on the half-plane ℜs > dim V , that
ζq(s) extends to a meromorphic function on C and that ζq(s) is holomorphic at
s = 0. Ray-Singer [31] introduced the notion of analytic torsion.
Definition 1.1. The analytic torsion of (ξ, h) is defined as the real number
τ(V, ξ) := exp{−
∑
q≥0
(−1)qq ζ′q(0)}.
In mirror symmetry, the following combination of analytic torsions introduced
by Bershadsky-Cecotti-Ooguri-Vafa [3] plays a crucial role. Write p,q = (∂¯+ ∂¯
∗)2
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for the Laplacian acting on the (p, q)-forms on V and ζp,q(s) for its spectral zeta
function.
Definition 1.2. The BCOV torsion of (V, γ) is the real number defined as
TBCOV(V, γ) := exp{−
∑
p,q≥0
(−1)p+qpq ζ′p,q(0)} =
∏
p≥0
τ(X,ΩpX)
(−1)pp.
The BCOV torsion itself is not an invariant of a Calabi-Yau threefold, even if
the Ka¨hler form γ is Ricci-flat. However, by adding a small correction term, it
becomes an invariant of a Calabi-Yau threefold [12]. Let us recall its construction.
1.2. The BCOV invariant. Let X be a Calabi-Yau threefold and let γ be a
Ka¨hler form on X , which is not necessarily Ricci-flat. Let η be a nowhere vanishing
canonical form on X . Let c3(X, γ) be top Chern form of (TX, γ). In this paper,
we follow the convention in Arakeolv geometry. Hence
Vol(X, γ) := ‖1‖2L2,γ = (2π)−3
∫
X
γ3
3!
, ‖η‖2L2 = (2π)−3
∫
X
i3
2
η ∧ η.
We define the covolume VolL2(H
2(X,Z), [γ]) of the lattice H2(X,Z) ⊂ H2(X,R)
as the volume of the compact real torus H2(X,R)/H2(X,Z) with respect to the
L2-metric on H2(X,R) induced from γ
VolL2(H
2(X,Z), [γ]) := Vol(H2(X,R)/H2(X,Z), [γ]) = det
(〈eα, eβ〉L2,γ) ,
where {eα}1≤α≤b2(X) is a basis of H2(X,Z)free. Here 〈eα, eβ〉L2,γ is defined as
〈eα, eβ〉L2,γ := (2π)−3
∫
X
Heα ∧ ∗(Heβ),
where Heα is the harmonic representative of eα with respect to γ and ∗ denotes
the Hodge star-operator with respect to γ. Notice that the L2-metric on H2(X,R)
induced from γ depends only on the cohomology class [γ] ∈ H2(X,R).
Definition 1.3. The BCOV invariant of X is the real number defined by
τBCOV(X) : = Vol(X, γ)
−3+χ(X)12 VolL2(H
2(X,Z), [γ])−1TBCOV(X, γ)
× exp
[
− 1
12
∫
X
log
(
i η ∧ η¯
γ3/3!
Vol(X, γ)
‖η‖2L2
)
c3(X, γ)
]
,
where χ(X) =
∫
X c3(X) is the topological Euler number of X .
Remark 1.4. The Ka¨hler form γ on X is Ricci-flat if and only if
i η ∧ η¯
γ3/3!
=
‖η‖2L2
Vol(X, γ)
.
When γ is Ricci-flat, we get a simpler expression
τBCOV(X) = Vol(X, γ)
−3+χ(X)12 VolL2(H
2(X,Z), [γ])−1TBCOV(X, γ).
We also remark that Vol(X, γ) and VolL2(H
2(X,Z), [γ]) are constant under po-
larized deformations of Calabi-Yau threefolds [12, Lemma 4.12]. Hence, for each
moduli space of polarized Ricci-flat Calabi-Yau threefolds M (cf. [13], [34], [39]),
there is a constant CM > 0 depending only on the polarization such that
τBCOV(X) = CM TBCOV(X, γ)
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for all (X, γL, c1(L)) ∈ M. Here L is an ample line bundle on X giving the polar-
ization and γL is the unique Ricci-flat Ka¨hler form on X with [γL] = c1(L). In this
sense, the BCOV invariant can be identified with the BCOV torsion for polarized
Ricci-flat Calabi-Yau threefolds.
Theorem 1.5. For a Calabi-Yau threefold X, τBCOV(X) is independent of the
choice of a Ka¨hler form on X. Namely, τBCOV(X) is an invariant of X.
Proof. See [12, Th. 4.16]. 
For an expression of τBCOV(X) in terms of arithmetic characteristic classes,
we refer to [26, Eq.(4)]. After Bershadsky-Cecotti-Ooguri-Vafa and Theorem 1.5,
τBCOV is regarded as a function on the moduli space of Calabi-Yau threefolds.
1.3. Singularity of BCOV invariants. In this subsection, we recall some results
in [12], [48] about the boundary behavior of BCOV invariants, which are applica-
tions of the Bismut-Lebeau embedding theorem for Quillen metrics [6].
Let π : X → B be a surjective morphism from an irreducible projective fourfold
X to a compact Riemann surface B. Assume that there exists a finite subset
∆π ⊂ B such that π|B\∆pi : X|B\∆pi → B \∆π is a smooth morphism and such that
Xt := π
−1(t) is a Calabi-Yau threefold for all t ∈ B \∆π.
Theorem 1.6. For every 0 ∈ ∆π, there exists α = α0 ∈ Q such that
log τBCOV(Xt) = α log |t|2 +O (log(− log |t|)) (t→ 0),
where t is a local parameter of B centered at 0 ∈ ∆π.
Proof. See [48, Ths. 0.1 and 0.2]. 
Next we recall the locality of the logarithmic singularity of BCOV invariants.
Let X and X ′ be normal irreducible projective fourfolds. Let B and B′ be compact
Riemann surfaces. Let π : X → B and π′ : X ′ → B′ be surjective holomorphic
maps. Let Σπ|X\SingX (resp. Σπ′|X′\SingX′ ) be the closure of the critical locus of
π|X\SingX (resp. π′|X ′\SingX ′) in X (resp. X ′). Define the critical loci of π and π′
as
Σπ := SingX ∪Σπ|X\SingX , Σπ′ := SingX ′ ∪Σπ′|X′\SingX′
and the discriminant loci of π and π′ as ∆π := π(Σπ) and ∆π′ := π
′(Σπ′), respec-
tively. Let 0 ∈ ∆π and 0′ ∈ ∆π′ . Let ∆ be the unit disc of C. Let V (resp. V ′) be
a neighborhood of 0 (resp. 0′) in B (resp. B′) such that V ∼= ∆ and V ∩∆π = {0}
(resp. V ′ ∼= ∆ and V ′ ∩∆π′ = {0}). We assume the following:
(A1) ∆π 6= B, ∆π′ 6= B′, dimΣπ ≤ 2, dimΣπ′ ≤ 2, and X0 and X ′0′ are
irreducible.
(A2) Xt and X
′
t′ are Calabi-Yau threefolds for all t ∈ B \∆π and t′ ∈ B′ \∆π′ .
(A3) π−1(V ) \ Σπ carries a nowhere vanishing canonical form Ξ. Similarly,
(π′)−1(V ′) \Σπ′ carries a nowhere vanishing canonical form Ξ ′.
(A4) The function germ of π near Σπ ∩ π−1(V ) and the function germ of π′
near Σπ′ ∩ (π′)−1(V ′) are isomorphic. Namely, there exist a neighborhood
O of Σπ ∩ π−1(V ) in π−1(V ), a neighborhood O′ of Σπ′ ∩ (π′)−1(V ′) in
(π′)−1(V ′), and an isomorphism ϕ : O→ O′ such that π|O = π′ ◦ ϕ|O′ .
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For b ∈ B and b′ ∈ B′, we set Xb := π−1(b) andX ′b′ := (π′)−1(b′). For b ∈ B\∆π
and b′ ∈ B′\∆π′ , the BCOV invariants τBCOV(Xb) and τBCOV(X ′b′) are well defined.
Let 0 ∈ ∆π and 0′ ∈ ∆π′ . A local parameter of B (resp. B′) centered at 0 (resp.
0′) is denoted by t. Hence t is a generator of the maximal ideal of OB,0 and that
of OB′,0′ .
Theorem 1.7. If the assumptions (A1)–(A4) are satisfied, then log τBCOV(Xt) and
log τBCOV(X
′
t) have the same logarithmic singularities at t = 0:
lim
t→0
log τBCOV(Xt)
log |t| = limt→0
log τBCOV(X
′
t)
log |t| .
In particular,
log τBCOV(Xt)− log τBCOV(X ′t) = O (log(− log |t|)) (t→ 0).
Proof. See [48, Th. 4.1]. 
1.4. Algebraic section on the moduli space corresponding to τBCOV. In this
subsection, we study the equation of currents satisfied by τBCOV on a compactified
moduli space of polarized Calabi-Yau threefolds.
Let M be a coarse moduli space of polarized Calabi-Yau threefolds [13, 34, 39]:
(i) Every point ofM corresponds to an isomorphism class of a polarized Calabi-
Yau threefold.
(ii) For any polarized family of Calabi-Yau threefolds (π : X → B,L), where
L is a relatively ample line bundle on X , the classifying map B ∋ b →
[(Xb, Lb)] ∈ M is holomorphic. Here Xb := π−1(b), Lb := L|Xb and
[(Xb, Lb)] is the isomorphism class of (Xb, Lb).
Since every holomorphic line bundle L on a Calabi-Yau threefold X extends to
a holomorphic line bundle on the Kuranishi family of X , any [(X,L)] ∈ M has
a neighborhood isomorphic to Def(X)/Aut(X,L), where Def(X) is the Kuranishi
space of X . Let M be a component of M. Since Def(X) is smooth [37, 38] and
since Aut(X,L) = Aut(X, γL) is a compact Lie group with trivial Lie algebra and
hence is a finite group,M is an orbifold. Set Mreg :=M\ SingM. Then Mreg is
a complex manifold. Since M is quasi-projective by Viehweg [39, Th. 1.13], there
exists a projective manifold M containing Mreg as a dense Zariski open subset
such that D :=M\Mreg is a normal crossing divisor of M. For [(X,L)] ∈ M, we
set h1,2 := h1,2(X) = dimM and χ := χ(X), where χ(X) is the topological Euler
number of X . Then h1,2 and χ are constant on M.
1.4.1. Hodge bundles and the Kodaira-Spencer maps. For [(X,L)] ∈M, let
f : (X, X)→ (Def(X), [X ])
be the Kuranishi family of X . Let H3 be the holomorphic vector bundle on Mreg
such that H3[(X,L)] = H3(X,C) and let
0 = F4 ⊂ F3 ⊂ F2 ⊂ F1 ⊂ F0 = H3
be the Hodge filtration. We have
H3|Def(X) = R3f∗C⊗ODef(X), Fp/Fp+1|Def(X) ∼= R3−pf∗ΩpX/Def(X),
where Ωp
X/Def(X) := Λ
pΩ1
X/Def(X) and Ω
1
X/Def(X) := Ω
1
X/f
∗Ω1Def(X). The line bundle
λ := F3 on Mreg is called the Hodge bundle. Then λ|Def(X) = f∗KX/Def(X).
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By Kawamata [17, Th. 17], there exists a finite covering
φ : M˜ →M
with branch locus D such that the monodromy operator on φ∗H3 along φ−1(D) is
unipotent. Under this assumption, by the nilpotent orbit theorem of Schmid [33,
Th. 4.12], the vector bundles φ∗H3 and φ∗Fp extend to holomorphic vector bundles
H˜3 and F˜p on M˜, respectively. We define line bundles λ˜ and µ˜ on M˜ by
λ˜ := F˜3, µ˜ := det(F˜2/F˜3).
Then λ˜|φ−1(Mreg) = φ∗λ.
Define the holomorphic vector bundle N on X by the exact sequence:
0 −→ ΘX/Def(X) := ker f∗ −→ ΘX −→ N −→ 0.
The projection f∗ : N → f∗ΘDef(X) induces an isomorphism ι : f∗N ∼= ΘDef(X). Let
δ : f∗N → R1f∗ΘX/Def(X) be the connecting homomorphism. The Kodaira-Spencer
map is defined as the composite
(1.1)
ρDef(X) := δ ◦ ι−1 : ΘDef(X) → R1f∗ΘX/Def(X) = R1f∗Ω2X/Def(X) ⊗ (f∗KX/Def(X))∨
∼= (F2/F3)⊗ (F3)∨|Def(X).
Then the Kodaira-Spencer map induces an isomorphism of holomorphic vector
bundles on Mreg:
ρ : ΘMreg → (F2/F3)⊗ (F3)∨.
The isomorphism ρ and its lift
φ∗ρ : Θ
M˜
|φ−1(Mreg) → (F˜2/F˜3)⊗ (F˜3)∨|φ−1(Mreg)
are again called the Kodaira-Spencer map. Since
det(φ∗ρ) ∈ H0
(
φ−1(Mreg), det((F˜2/F˜3)⊗ (F˜3)∨)⊗ (detΘM˜)∨
)
has at most algebraic singularity along φ−1(D), det(φ∗ρ) is a meromorphic section
of the line bundle µ˜⊗ λ˜−h1,2 ⊗K
M˜
. Hence we have the canonical isomorphism
(1.2) K−1
M˜
⊗O
M˜
(div(det(φ∗ρ))) ∼= µ˜⊗ λ˜−h1,2 .
1.4.2. Weil-Petersson metric and its boundary behavior. Since the third cohomol-
ogy group of Calabi-Yau threefolds consists of primitive cohomology classes, Fp/Fp+1
is equipped with the L2-metric, which is independent of the choice of a Ka¨hler met-
ric on each fiber. In particular, so is the Hodge bundle λ˜. This metric is denoted by
hL2 or (·, ·)L2 . The L2-metric (·, ·)L2 on (Fp/Fp+1)|[(X,L)] = Hq(X,ΩpX), p+q = 3,
is expressed by
(1.3) (u, v)L2 := (−1)3ip−q
∫
X
u ∧ v.
The Hermitian metric on the line bundle det(Fp/Fp+1) induced from hL2 is denoted
by hL2 or ‖ · ‖L2. The Weil-Petersson forms on Mreg and M˜ are defined as
ωWP = c1(λ, hL2), ω˜WP = c1(λ˜, hL2).
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Then φ∗ωWP = ω˜WP|φ−1(Mreg). Let ηX/Def(X) ∈ H0(Def(X), f∗KX/Def(X)) be a
nowhere vanishing holomorphic section and define the function ‖ηX/Def(X)‖2L2 on
Def(X) by
‖ηX/Def(X)‖2L2([Xt]) := ‖ηX/Def(X)|Xt‖2L2 .
Since ωWP = c1(λ, hL2), we have
(1.4) ωWP = −ddc log ‖ηX/Def(X)‖2L2 = c1(f∗KX/Def(X), hL2).
By e.g. [37, Th. 2] and [12, Def. 4.3], we get
(1.5) ωWP(u, v) =
(ρDef(X)(u)⊗ η, ρDef(X)(v) ⊗ η)L2
‖η‖2L2
for all u, v ∈ ΘDef(X),[X] = H1(X,ΘX), where η ∈ H0(X,KX)\{0} and the numer-
ator is the cup-product pairing between H1(X,Ω2X) and H
1(X,Ω2X) = H
2(X,Ω1X).
By the expression (1.5), ωWP is a real analytic (1, 1)-form on Def(X). Let
RicωWP := c1(ΘDef(X), ωWP)
be the Ricci-form of the Weil-Petersson form on ΘDef(X).
By (1.5) and [9, Prop. 5.22, Proof of Cor. 5.23], ω˜WP has Poincare´ growth near
φ−1(D). Namely, for any x ∈ φ−1(D), there is a neighborhood U of x in M˜ such
that U ∼= ∆h1,2 , U \φ−1(D) ∼= (∆∗)k×∆h1,2−k for some 1 ≤ k ≤ h1,2 and such that
0 ≤ ωWP|U\φ−1(D) ≤ C ωP .
Here ωP is the Ka¨hler form of the Poincare´ metric on (∆
∗)k ×∆h1,2−k, i.e.,
ωP = i
k∑
α=1
dtα ∧ dt¯α
|tα|2(log |tα|)2 + i
h1,2∑
β=k+1
dtβ ∧ dt¯β
Let Ric ω˜WP be the Ricci form of ω˜WP, namely the first Chern form of the holo-
morphic tangent bundle equipped with the Weil-Peterssonmetric (Θφ−1(Mreg), ω˜WP).
Then Ric ω˜WP = φ
∗RicωWP. By (1.5), the Kodaira-Spencer map induces an isom-
etry of holomorphic Hermitian vector bundles on φ−1(Mreg):
φ∗ρ : (Θ
M˜
|φ−1(Mreg), ω˜WP) ∼= ((F˜2/F˜3)⊗ (F˜3)∨|φ−1(Mreg), (·, ·)L2 ⊗ ‖ · ‖−1L2 ).
From this isometry, we have the following equality of (1, 1)-forms on φ−1(Mreg)
Ric ω˜WP + h
1,2 ω˜WP = c1(F˜2/F˜3, (·, ·)L2) = c1(µ˜, ‖ · ‖L2).
By [21, Th. 1.1], Ric ω˜WP+(h
1,2+3) ω˜WP is a positive (1, 1)-form on φ
−1(Mreg). By
[9, Prop. 5.22, Proof of Cor. 5.23] again and the above expression, the (1, 1)-form
Ric ω˜WP + (h
1,2 + 3) ω˜WP has Poincare´ growth near the normal crossing divisor
φ−1(D). Hence, on U as above, we have the following estimate:
0 ≤ {Ric ω˜WP + (h1,2 + 3) ω˜WP}|U\φ−1(D) ≤ C ωP .
We identify the (1, 1)-forms ω˜WP and Ric ω˜WP + (h
1,2 + 3) ω˜WP on φ
−1(Mreg)
with the closed positive (1, 1)-currents on M˜ defined as their trivial extensions from
φ−1(Mreg) to M˜.
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1.4.3. The differential equation satisfied by log τBCOV on M˜. As usual, we define
dc = 14πi (∂ − ∂¯) for complex manifolds. Hence ddc = 12πi ∂¯∂. By the curvature
formula for Quillen metrics [5], the complex Hessian of log τBOOV can be computed
on the Kuranishi space of X :
Theorem 1.8. The following equality of (1, 1)-forms on (Def(X), [X ]) holds:
(1.6) − ddc log τBCOV = RicωWP +
(
h1,2 + 3 +
χ
12
)
ωWP.
In particular, τBCOV ∈ Cω(Def(X)).
Proof. See [12, Th. 4.14]. 
This differential equation can be globalized to the compactified moduli spaceM.
For this, firstly, we prove the following:
Theorem 1.9. Let φ−1(D) = ⋃k∈K D˜k be the irreducible decomposition. Then
there exists αk ∈ Q such that the following equality of (1, 1)-currents on M˜ holds
(1.7) − 12ddc(φ∗ log τBCOV) = (36 + 12h1,2 + χ) ω˜WP + 12Ric ω˜WP −
∑
k∈K
αkδD˜k .
Proof. For k ∈ K, set D˜0k := D˜k\
⋃
l 6=k D˜l. For every p ∈ D˜0k, there is a neighborhood
U of p in M˜ and an isomorphism U ∼= ∆h1,2 such that U∩D˜0k ∼= {z1 = 0}∩∆h
1,2
and
U ∩ D˜0l = ∅ for l 6= k. We write z′ = (z2, . . . , zh1,2). We define Z :=
⋃
k 6=l D˜k ∩ D˜l.
Since ω˜WP and Ric ω˜WP + (h
1,2 + 3)ω˜WP are closed positive (1, 1)-currents on
∆h
1,2
, there exist by Siu [35, Proof of Lemma 5.4] plurisubharmonic functions ψ˜1,
ψ˜2 on ∆
h1,2 such that
(1.8) ddcψ˜1 = ω˜WP, dd
cψ˜2 = Ric ω˜WP + (h
1,2 + 3) ω˜WP
as currents on∆h
1,2
. Since ω˜WP and Ric ω˜WP+(h
1,2+3)ω˜WP have Poincare´ growth,
there exist constants C3, C4 > 0 such that
(1.9) 0 ≤ ddcψ˜1 ≤ C3 ωP , 0 ≤ ddcψ˜2 ≤ C4 ωP .
Set
Q(z1, z
′) := − log(− log |z1|2) + ‖z′‖2.
Since ωP = dd
cQ, we deduce from (1.8), (1.9) that the functions
ψ˜1, C3Q− ψ˜1, ψ˜2, C4Q− ψ˜2
are plurisubharmonic on ∆h
1,2
. Since these functions are bounded from above on
a neighborhood of 0 ∈ ∆h1,2 , there exist constants C5, C6 > 0 with
(1.10) C5 {− log(− log |z1|)− 1} ≤ ψ˜m(z1, z′) ≤ C6 (m = 1, 2).
By Theorems 1.8, 1.6 and (1.10), there exists α(z′) ∈ Q such that on∆∗×∆h1,2−1
−ddc
(
φ∗ log τBCOV +
χ
12
ψ˜1 + ψ˜2
)
= 0,∣∣∣(φ∗ log τBCOV + χ
12
ψ˜1 + ψ˜2
)
(z1, z
′)− α(z′) log |z1|2
∣∣∣ ≤ C(z′) log(− log |z1|),
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where C(z′) is a (possibly discontinuous, unbounded) positive function on ∆h
1,2−1.
By [45, Lemma 5.9], there exists αk ∈ Q and a pluriharmonic function h ∈
Cω(∆h
1,2
) such that
(1.11) φ∗ log τBCOV(z1, z
′) +
χ
12
ψ˜1(z1, z
′) + ψ˜2(z1, z
′) = αk log |z1|2 + h(z1, z′).
By (1.11), we get the following equation of currents on U
−12ddc(φ∗ log τBCOV) = (36 + 12h1,2 + χ) ω˜WP + 12Ric ω˜WP − αkδD˜k .
Since p is an arbitrary point of D˜0k, we get the equation of currents on M˜ \ Z:
(1.12) − 12ddc(φ∗ log τBCOV) = (36+12h1,2+χ) ω˜WP+12Ric ω˜WP−
∑
k∈K
αkδD˜k .
Let p ∈ Z. Since the right hand side is a linear combination of closed positive
(1, 1)-currents on M˜, there is a neighborhood V of p in M˜ such that the right hand
side of (1.12) has a potential function R on V . Namely R is a plurisubharmonic
function on V satisfying the following equation of currents on U
(1.13) ddcR = (36 + 12h1,2 + χ) ω˜WP + 12Ric ω˜WP −
∑
k∈K
αkδD˜k .
By (1.12), (1.13), 12φ∗ log τBCOV+R is a pluriharmonic function on V \Z. Since Z
has codimension ≥ 2 in V , 12φ∗ log τBCOV+R extends to a pluriharmonic function
on V . Thus (1.12) holds on V . Since p ∈ Z is arbitrary, (1.12) holds on M˜. 
By the definition of trivial extension of currents, 1degφφ∗ω˜WP coincides with the
trivial extension of ωWP from Mreg to M. This trivial extension is again denoted
by ωWP. Similarly,
1
degφφ∗{Ric ω˜WP + (h1,2 + 3)ω˜WP} coincides with the trivial
extension of RicωWP + (h
1,2 + 3)ωWP from Mreg to M. Set Dk := Suppφ(D˜k).
Then φk := φ|D˜k is a surjective map from D˜k to Dk and we have the equation of
currents φ∗δD˜k = deg φk · δDk . Applying φ∗ to the both sides of (1.7), we get
Corollary 1.10. The following equation of currents on M holds:
−12ddc log τBCOV = (36 + 12h1,2 + χ)ωWP + 12RicωWP −
∑
k∈K
deg φk
degφ
αk δDk .
1.4.4. The section on M˜ corresponding to τBCOV. As a consequence of Corol-
lary 1.10, we have the following algebraicity of τBCOV. We remark that this result
(Theorem 1.11) is deduced directly from Maillot-Ro¨ssler’s formula [26, Eq. (4)] for
τBCOV in terms of certain arithmetic characteristic classes.
Theorem 1.11. There exist ℓ ∈ Z>0, a character χ ∈ Hom(π1(M˜), U(1)) and
a meromorphic section σ of the line bundle λ˜(36+χ)ℓ ⊗ µ˜−12ℓ ⊗ [χ] such that the
following equality of functions on φ−1(Mreg) holds:
φ∗τ12ℓBCOV = ‖σ‖2.
Here [χ] is the holomorphic line bundle on M˜ corresponding to the unitary character
χ, | · | is the Hermitian metric on [χ] induced from the standard norm | · | on C,
and the line bundle λ˜(36+χ)ℓ ⊗ µ˜−12ℓ ⊗ [χ] is equipped with the Hermitian metric
induced from the L2-metrics on λ˜ and µ˜ and the metric | · | on [χ].
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Proof. Set ξ := λ˜(36+χ) ⊗ µ˜−12. Let Ψ be a non-zero meromorphic section of ξ and
let E := div(Ψ). By Theorem 1.9 and the Poincare´-Lelong formula, φ∗ log τBCOV
and ‖Ψ‖2 satisfy the following equations of currents on M˜:
−12ddc(φ∗τBCOV) = (36 + 12h1,2 + χ) ω˜WP + 12Ric ω˜WP −
∑
k∈K
αkδDk ,
−ddc log ‖Ψ‖2 = (36 + 12h1,2 + χ) ω˜WP + 12Ric ω˜WP − δE .
Set ∆ :=
∑
k∈K αkDk − E. On M˜, we get
−ddc log [τ12BCOV/‖Ψ‖2] = −δ∆.
Let ℓ ∈ Z>0 be an integer such that ℓ∆ is an integral divisor. By Lemma 1.12
below applied to F := (τ12BCOV/‖Ψ‖2)ℓ, there is a character χ ∈ Hom(π1(M˜), U(1))
and a meromorphic section s of [χ] with div(s) = ℓ∆ such that
|s|2 = F = (τ12BCOV/‖Ψ‖2)ℓ.
Hence σ := Ψℓ ⊗ s is a meromorphic section of ξℓ ⊗ [χ] with divisor
div(σ) = div(Ψℓ ⊗ s) = ℓE + ℓ∆ = ℓ
∑
k∈K
αkDk
such that τ12ℓBCOV = ‖Ψℓ ⊗ s‖2 = ‖σ‖2. This completes the proof. 
Lemma 1.12. Let D be a divisor on a complex manifold M . Let F be a positive
function on M \ D satisfying logF ∈ L1loc(M) and the equation ddc logF = δD
of currents on M . Then there exist χ ∈ Hom(π1(M), U(1)) and a meromorphic
section s of [χ] with F = |s|2 and div(s) = D.
Proof. The proof is standard and is omitted. 
Since O
M˜
(div(detφ∗ρ)))|φ−1(M˜reg) ∼= OM˜ and since
λ˜(36+χ)ℓ ⊗ µ˜−12ℓ ⊗O
M˜
(χ) ∼= λ˜(36−12h1,2+χ)ℓ ⊗K12
M˜
⊗O
M˜
(−12div(detφ∗ρ))) ⊗ [χ]
by (1.2), σ|φ−1(M˜reg) is a nowhere vanishing holomorphic section of the line bundle
λ˜(36−12h
1,2+χ)ℓ ⊗K12ℓ
M˜
⊗ [χ] = φ∗(λ(36−12h1,2+χ)ℓ ⊗K12ℓM )⊗ [χ]
on φ−1(M˜reg). A corresponding statement forA-model can be found in [2, Eq. (14)].
Question 1.13. By choosing M˜ appropriately, is the line bundle [χ] in Theorem 1.11
a torsion element of Pic(M˜)?
2. Holomorphic torsion invariant for 2-elementary K3 surfaces
2.1. Lattices, domains of type IV and orthogonal modular varieties. A
free Z-module of finite rank equipped with a non-degenerate integral symmetric
bilinear form is called a lattice. For a lattice L, its rank is denoted by r(L) and its
automorphism group is denoted by O(L). The set of roots of L is defined as ∆L :=
{d ∈ L; 〈d, d〉 = −2}. For a non-zero integer k ∈ Z, L(k) denotes the Z-module L
equipped with the rescaled bilinear form k〈·, ·〉L. The dual lattice of L is defined
as L∨ := HomZ(L,Z) ⊂ L⊗Q. The finite abelian group AL := L∨/L is called the
discriminant group of L. If AL ∼= (Z/2Z)l for some l ∈ Z≥0, then L is said to be 2-
elementary. For an even 2-elementary lattice L, we define l(L) := rankZ2AL and we
denote by δ(L) ∈ {0, 1} the parity of the discriminant form on AL (cf. [29]). If L is
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indefinite, the isometry class of L is determined by the triplet (sign(L), l(L), δ(L))
(cf. [29]). We define U := (Z2,
(
0 1
1 0
)
). For root systems Aℓ, Dℓ, Eℓ, their root
lattices are denoted by Aℓ, Dℓ, Eℓ and are assumed to be negative-definite. The
K3-lattice is defined as the even unimodular lattice
LK3 := U⊕ U⊕ U⊕ E8 ⊕ E8.
For a lattice Λ of sign(Λ) = (2, r(Λ)− 2), we define
ΩΛ := {[η] ∈ P(Λ ⊗C); 〈η, η〉Λ = 0, 〈η, η¯〉Λ > 0} .
Then ΩΛ consists of two connected components ΩΛ = Ω
+
Λ ∐ Ω−Λ , each of which is
isomorphic to a bounded symmetric domain of type IV of dimension r(Λ)− 2. The
projective O(Λ)-action on ΩΛ is proper and discontinuous. The quotient
MΛ := ΩΛ/O(Λ) = Ω+Λ/O+(Λ)
is an analytic space of dimension r(Λ)− 2, where O+(Λ) is the subgroup of index 2
of O(Λ) preserving Ω±Λ . The discriminant locus ofMΛ is the reduced O(Λ)-invariant
divisor of ΩΛ defined as
DΛ :=
∑
d∈∆Λ/±1
Hd, Hd := {[η] ∈ ΩΛ; 〈d, η〉 = 0}.
We define
Ω0Λ := ΩΛ \ DΛ, M0Λ := Ω0Λ/O(Λ).
By Baily-Borel,MΛ andM0Λ are irreducible, normal quasi-projective varieties. Let
M∗Λ be the Baily-Borel compactification of MΛ and define the boundary locus by
BΛ :=M∗Λ \MΛ.
Then dimBΛ = 1 if r(Λ) ≥ 4 and dimBΛ = 0 if r(Λ) = 3. When M is a primitive
2-elementary Lorentzian sublattice of LK3 with r(M) ≥ 18, then BM⊥ is irreducible
by [46, Prop. 11.7].
For simplicity, assume the splitting of lattices
Λ = U(N)⊕ L,
where N ∈ Z>0 and L is an even Lorentzian lattice. Let
CL := {x ∈ L⊗R; 〈x, x〉L > 0}
be the positive cone of L, which consists of connected components CL = C+L ∐ C−L .
We identify the tube domain L⊗R+ i CL with ΩΛ via the map
(2.1) L⊗R+ i CL ∋ z → [((−〈z, z〉L/2, 1/N) , z)] ∈ ΩΛ.
The Ka¨hler form of the Bergman metric on L⊗R+ i CL is the positive (1, 1)-form
defined as
ωΛ(z) := −ddc log〈ℑz,ℑz〉L.
Via the identification (2.1), we regard ωΛ as the (1, 1)-form on ΩΛ.
2.2. 2-elementary K3 surfaces and their holomorphic torsion invariants.
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2.2.1. 2-elementary K3 surfaces and their moduli space. Let S be a K3 surface.
ThenH2(S,Z) endowed with the cup-product pairing is isometric to the K3-lattice.
Namely, there exists an isometry of lattices α : H2(S,Z) ∼= LK3.
Let θ : S → S be a holomorphic involution. The pair (S, θ) is called a 2-
elementary K3 surface if θ is anti-symplectic, i.e., θ∗|H0(S,KS) = −1. The type
of an anti-symplectic involution θ is defined as the isometry class of the invariant
sublattice H2(S,Z)+, where
H2(S,Z)± := {v ∈ H2(S,Z); θ∗v = ±v}.
By Nikulin [29], α(H2(S,Z)+) ⊂ LK3 is a primitive 2-elementary Lorentzian sub-
lattice. Since the embedding of a primitive 2-elementary Lorentzian lattice into
LK3 is unique up to an action of O(LK3) by [29], the type of an anti-symplectic
holomorphic involution is independent of the choice of an isometry α. By Nikulin
[29], [30], the topological type of an anti-symplectic holomorphic involution on a
K3 surface is determined by its type in the sense that if (S, θ) and (S′, θ′) are two
2-elementary K3 surfaces of the same type, then (S′, θ′) is deformation equivalent
to (S, θ). By [29], [30], there exists 75 distinct types of 2-elementary K3 surfaces.
The moduli space of 2-elementary K3 surfaces of type M is constructed as follows.
Let (S, θ) be a 2-elementary K3 surface of type M and let α : H2(S,Z) ∼= LK3
be an isometry with α(H2(S,Z)−) =M⊥. We define the period of (S, θ) as
πM (S, θ) :=
[
α
(
H0(S,KS)
)]
.
Then any point of the discriminant locus DM⊥ is never realized as the period of
a 2-elementary K3 surface of type M . By [43, Th. 1.8], M0M⊥ is a coarse moduli
space of 2-elementary K3 surfaces of type M via the period map.
2.2.2. The fixed point set of a 2-elementary K3 surface. Let (S, θ) be a 2-elementary
K3 surface of type M . Set
Sθ := {x ∈ S; θ(x) = x}.
The topology of Sθ was determined by Nikulin [30] as follows:
Proposition 2.1. With the same notation as above, the following hold:
(1) If M ∼= U(2)⊕E8(2), then Sθ = ∅ and the quotient S/θ is an Enriques surface.
(2) If M ∼= U⊕ E8(2), then Sθ = C(1)1 ∐C(1)2 , where C(1)1 , C(1)2 are elliptic curves.
(3) If M 6∼= U(2)⊕ E8(2),U⊕ E8(2), then
(2.2) Sθ = Cg(M) ∐ E1 ∐ . . .∐ Ek(M),
where C(g) is a curve of genus g and Ei is a smooth rational curve with
(2.3) g(M) := 11− r(M) + l(M)
2
, k(M) =
r(M)− l(M)
2
.
WhenM ∼= U(2)⊕E8(2),M andM⊥ are called exceptional in this paper. Notice
that, whenM ∼= U⊕E8(2), the total genus of Sθ is still given by g(M) = 2, so that
the first equality of (2.3) remains valid.
Warning : In [46], the lattices U ⊕ E8(2) and U ⊕ U ⊕ E8(2) are also called
exceptional. In the present paper, these lattices are not exceptional.
Let Sg be the Siegel upper half-space of degree g and let
Ag := Sg/Sp2g(Z)
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be the Siegel modular variety of degree g, the coarse moduli space of principally
polarized abelian varieties of dimension g. Let ωAg be the Ka¨hler form on Ag in
the sense of orbifolds induced from the Sp2g(Z)-invariant Ka¨hler form on Sg:
ωSg := −ddc log detℑτ
After (2.2), we define the Torelli map J
0
M : M0M⊥ → Ag(M) by
J
0
M (πM (S, θ)) := [Ω(S
θ)],
where Ω(Sθ) ∈ Sg is the period of Sθ and [Ω(Sθ)] ∈ Ag(M) is the corresponding
point. Let ΠM⊥ : ΩM⊥ → MM⊥ be the projection. We define the holomorphic
map J0M : Ω
0
M⊥ → Ag(M), again called the Torelli map, by
J0M := JM ◦ΠM⊥ .
By Borel’s extension theorem, J0M extends to a holomorphic map from Ω
0
M⊥ ∪D0M⊥
to A∗g(M), the Satake compactification of Ag, where D0M⊥ is the dense Zariski open
subset of DM⊥ defined as
D0M⊥ :=
⋃
d∈∆
M⊥
H0d , H
0
d := Hd \
⋃
δ∈∆
M⊥\{±d}
Hδ.
This extension of J0M is denoted by JM . Then the semi-positive (1, 1)-form (J
0
M )
∗ωAg(M)
on Ω0M⊥ extends trivially to a closed positive (1, 1)-current on ΩM⊥ . The trivial
extension of (J0M )
∗ωAg(M) from Ω
0
M⊥ to ΩM⊥ is denoted by J
∗
MωAg(M) .
2.2.3. A holomorphic torsion invariant for 2-elementary K3 surfaces.
Definition 2.2. Let η be a nowhere vanishing holomorphic 2-form on S. Let γ be
an θ-invariant Ka¨hler form on S. Define
τM (S, θ) := Vol(S, γ)
14−r(M)
4 τZ2(S, γ)(θ)Vol(S
θ, γ|Sθ)τ(Sθ , γ|Sθ)
× exp
[
1
8
∫
Sθ
log
(
η ∧ η
γ2/2!
· Vol(S, γ)‖η‖2L2
)∣∣∣∣
Sθ
c1(S
θ, γ|Sθ)
]
.
Here Vol(Sθ, γ|Sθ) and τ(Sθ , γ|Sθ) are multiplicative with respect to the decompo-
sition into connected components.
By [43], τM (S, θ) is independent of the choices of η and γ and is determined
by the period of (S, θ). In particular, τM (S, θ) is an invariant of (S, θ). If γ is an
ι-invariant Ricci-flat Ka¨hler form on S, then
(2.4) τM (S, θ) = Vol(S, γ)
14−r(M)
4 τZ2(S, γ)(θ) ·Vol(Sθ, γ|Sθ)τ(Sθ , γ|Sθ).
Define the O(M⊥)-invariant smooth function τ˜M on Ω
0
M⊥ by
τ˜M := Π
∗
M⊥τM .
By [43, Eq. (7.1)], [47, Th. 5.2], the following equation of (1, 1)-currents on ΩM⊥
holds
(2.5) ddc log τ˜M =
r(M) − 6
4
ωM⊥ + J
∗
MωAg(M) −
1
4
δD
M⊥
.
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2.3. Borcherds products for 2-elementary lattices. Let H ⊂ C be the com-
plex upper half-plane. Recall that the Dedekind η-function and the Jacobi theta
series are holomorphic functions on H defined as
η(τ) = e2πiτ/24
∞∏
n=1
(
1− e2πinτ ) , ϑ
A
+
1 +
k
2
(τ) =
∑
n∈Z
e2πi(n+
k
2 )
2τ (k = 0, 1).
For a 2-elementary lattice Λ, we set
φΛ(τ) := η(τ)
−8η(2τ)8η(4τ)−8 θ
A
+
1
(τ)12−r(Λ).
Let {eγ}γ∈AΛ be the standard basis of the group ring C[AΛ]. Let Mp2(Z) be the
metaplectic double cover of SL2(Z) and let ρΛ : Mp2(Z)→ GL(C[AΛ]) be the Weil
representation [8, Sect. 4]. Define a C[AΛ]-valued holomorphic functions on H by
FΛ :=
∑
γ∈Γ˜0(4)\Mp2(Z)
φΛ|γ ρΛ(γ−1) e0,
where |γ is the Petersson slash operator. When sign(Λ) = (2, r(Λ)− 2), we deduce
from [46, Th. 7.7] that FΛ(τ) is a modular form of type ρΛ of weight (4− r(Λ))/2.
To get the integrality of the Fourier coefficients, we set
g(Λ) := (r(Λ) − l(Λ))/2.
If Λ = M⊥ for a primitive 2-elementary Lorentzian sublattice M ⊂ LK3, then
g(Λ) = g(M). By [22, Sect. 7], 2g(Λ)−1FΛ(τ) always has integral Fourier expansion.
Let α ∈ Z>0 be such that αFΛ has integral Fourier expansion. By Borcherds [8,
Th. 13.3], the Borcherds lift ΨΛ(·, αFΛ) is an automorphic form on Ω+Λ for O+(Λ).
For the weight and the singularities of ΨΛ(·, αFΛ), see [22, Th. 7.1]. The infinite
product expansion of ΨΛ(·, αFΛ) is given as follows. For simplicity, assume
Λ = U⊕ L.
Then FΛ(τ) = FL(τ). Let FΛ(τ) =
∑
γ∈AΛ
eγ
∑
k∈Z+γ2/2 cγ(k) e
2πikτ be the
Fourier series expansion. Under the identification Ω+Λ
∼= L⊗R+ i C+L via (2.1), the
following equality holds for z ∈ L⊗R+ iW with 〈ℑz,ℑz〉 ≫ 0
(2.6) ΨΛ(z, αFΛ) = e
2πi〈α̺,z〉
∏
λ∈L∨, λ·W>0
(
1− e2πi〈λ,z〉
)αcλ(λ2/2)
,
where λ := λ + L ∈ AL = AΛ, the cone W ⊂ C+L is a Weyl chamber of αFL and
α̺ ∈ L⊗Q is the Weyl vector of αFL. See [8, Sect. 10] for these notions.
By [8, Th. 13.3], there exists w(Λ) ∈ Q such that ΨΛ(·, αFΛ) has weight αw(Λ).
The Petersson norm of ΨΛ(·, αFΛ) is the C∞ function on L⊗R+ i C+L defined by
‖ΨΛ(z, αFΛ)‖2 := 〈ℑz,ℑz〉αw(Λ)L |ΨΛ(z, αFΛ)|2 .
Through (2.1), ‖ΨΛ(·, αFΛ)‖2 is viewed as an O(Λ)-invariant function on ΩΛ. Set
‖ΨΛ(·, FΛ)‖ := ‖ΨΛ(·, αFΛ)‖1/α.
In what follow, ‖ΨΛ(·, FΛ)‖2 is viewed as a function on MΛ.
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2.4. An explicit formula for τM . We recall the main result of [22]. Let a, b ∈
{0, 1/2}g. The pair (a, b) is said to be even if 4ta · b ∈ 2Z. For even (a, b), the
corresponding Riemann theta constant θa,b(Ω) is defined as the theta series
θa,b(Ω) :=
∑
n∈Zg
exp{πit(n+ a)Ω(n+ a) + 2πit(n+ a)b}.
For Ω ∈ Sg, we define χg(Ω) and Υg(Ω) by
χg(Ω) :=
∏
(a,b) even
θa,b(Ω), Υg(Ω) = χg(Ω)
8
∑
(a,b) even
θa,b(Ω)
−8.
Then χ8g and Υg are Siegel modular forms of weights 2
g+1(2g+1) and 2(2g−1)(2g+
2), respectively. Their Petersson norms are Sp2g(Z)-invariant C
∞ functions
‖χg(Ω)8‖2 := (detℑΩ)2
g+1(2g+1) ∣∣χg(Ω)8∣∣2 ,
‖Υg(Ω)‖2 := (detℑΩ)2(2
g−1)(2g+2) ∣∣Υg(Ω)8∣∣2
on Sg. We regard ‖χ8g‖2, ‖Υg‖2 ∈ C∞(Ag) in what follows.
Theorem 2.3. Let M be a primitive 2-elementary Lorentzian sublattice of LK3.
Set r := r(M), δ := δ(M), g := g(M) and Λ := M⊥. Then there exists a constant
CM depending only onM such that the following equality of functions onM0Λ holds:
(1) If (r, δ) 6= (2, 0), (10, 0), then
τ
−2g(2g+1)
M = CM
∥∥ΨΛ(·, 2g−1FΛ)∥∥ · J∗M ∥∥χ8g∥∥ .
(2) If (r, δ) = (10, 0), then
τ
−(2g−1)(2g+2)
M = CM
∥∥ΨΛ(·, (2g−1 + 1)FΛ)∥∥ · J∗M ‖Υg‖ .
(3) If (r, δ) = (2, 0), then M ∼= U or U(2) and
τ
−(2g−1)(2g+2)
M = CM
∥∥ΨΛ(·, 2g−1FΛ + fΛ)∥∥ · J∗M ‖Υg‖ ,
where fΛ is the elliptic modular form of type ρΛ given as follows:
When Λ = U⊥ = U⊕2 ⊕ E⊕28 ,
fΛ(τ) := θE+8
(τ)/η(τ)24 , θ
E
+
8
(τ) :=
∑
λ∈E+8
exp(πi〈λ, λ〉τ).
When Λ = U(2)⊥ = U(2)⊕ U⊕ E⊕28 ,
fΛ(τ) := 8
∑
γ∈AΛ
{ 1
η(τ/2)8η(τ)8
+
(−1)γ2
η( τ+12 )
8η(τ + 1)8
} eγ + e0
η(τ)8η(2τ)8
.
Proof. See [22, Th. 0.1]. 
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3. BCOV invariants for Borcea-Voisin threefolds
In Section 3, M ⊂ LK3 denotes a primitive 2-elementary Lorentzian sublattice.
Throughout this section, we keep the following notation
Λ :=M⊥, g := g(M), r := r(M), δ := δ(M).
Hence sign(Λ) = (2, 20− r) and dimΩΛ = 20− r.
Definition 3.1. Let (S, θ) be a 2-elementary K3 surface and let T be an elliptic
curve. The orbifold
X(S,θ,T ) := S × T/θ × (−1T ).
is called a Borcea-Voisin orbifold associated with (S, θ, T ). The type of a Borcea-
Voisin orbifold X(S,θ,T ) is defined as that of (S, θ). Hence the type of X(S,θ,T ) is an
isometry class of a primitive 2-elementary Lorentzian sublattice of LK3.
Let T [2] = T (−1T ) be the set of points of order 2 of T . Then
SingX(S,θ,T ) = S
θ × T [2]
is the 4 copies of Sθ. Let
p : X˜(S,θ,T ) → X(S,θ,T )
be the blowing-up of Sing(X(S,θ,T )) = S
θ × T [2]. Then X˜(S,θ,T ) is a Calabi-Yau
threefold, called a Borcea-Voisin threefold, whose mirror symmetry was studied by
Borcea [7], Voisin [40] and Gross-Wilson [15]. One of the main results of this paper
is the following:
Theorem 3.2. There exists a constant CM depending only on the lattice M such
that for every Borcea-Voisin orbifold X(S,θ,T ) of type M ,
τBCOV(X˜(S,θ,T )) = CM τM (S, θ)
−4 ∥∥η(Ω(T ))24∥∥2 .
Corollary 3.3. There exists a constant CM depending only on M such that the
following equality holds for every Borcea-Voisin threefold X˜(S,θ,T ) of type M :
(1) If (r, δ) 6= (2, 0), (10, 0), then
(3.1)
τBCOV(X˜(S,θ,T ))
2g−1(2g+1) = CM
∥∥ΨΛ (πM (S, θ), 2g−1FΛ)∥∥2 ∥∥∥χg (Ω(Sθ))8∥∥∥2
×
∥∥∥η (Ω(T ))24∥∥∥2g(2g+1) .
(2) If (r, δ) = (10, 0), then
(3.2)
τBCOV(X˜(S,θ,T ))
(2g−1+1)(2g−1) = CM
∥∥ΨΛ (πM (S, θ), (2g−1 + 1)FΛ)∥∥2
× ∥∥Υg (Ω(Sθ))∥∥2 ∥∥∥η (Ω(T ))24∥∥∥2(2g−1+1)(2g−1) .
(3) If (r, δ) = (2, 0), then
(3.3)
τBCOV(X˜(S,θ,T ))
(2g−1+1)(2g−1) = CM
∥∥ΨΛ (πM (S, θ), 2g−1FΛ + fΛ)∥∥2
× ∥∥Υg (Ω(Sθ))∥∥2 ∥∥∥η (Ω(T ))24∥∥∥2(2g−1+1)(2g−1) ,
where fΛ is the same elliptic modular form as in Theorem 2.3 (3).
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Proof. The result follows from Theorems 2.3 and 3.2. 
Remark 3.4. By the same argument as in [19, Sect. 6.1.1], the B-model canonical
coordinates on the moduli space of Borcea-Voisin threefolds with g = 0 coincide
with the standard linear coordinates (z1, . . . , zm, τ) on ΩΛ × H induced by the
isomorphism (2.1), where m = dimΩΛ. As a result, we get ‖Ξs/〈A∨0 , Ξs〉‖2 =
2ℑτ · 〈ℑz,ℑz〉 and∥∥∥∥ ∂∂t1 ∧ · · · ∧ ∂∂tn
∥∥∥∥2 = (−∂2 logℑτ∂τ∂τ¯
)
det
(
−∂
2 log〈ℑz,ℑz〉
∂zα∂z¯β
)
= (ℑτ)−2〈ℑz,ℑz〉−m
in (0.1). In particular, ‖Ξs/〈A∨0 , Ξs〉‖2 and ‖(∂/∂t1)∧· · ·∧(∂/∂tn)‖2 are expressed
by the Bergman kernel functions of ΩΛ and H. If the conjecture of Bershadsky-
Cecotti-Ooguri-Vafa (0.1) holds true for Borcea-Voisin threefolds with g = 0, this
fact implies that the infinite product F top1 (t) in (0.1) must extend to an automorphic
form on ΩΛ × H. In this sense, Conjecture (0.1) may be viewed as a conjectural
extension of the theory of Borcherds products to a certain specific section on the
moduli space of Calabi-Yau threefolds. Corollary 3.3 verifies the requirement of
infinite product for Borcea-Voisin threefolds with g = 0. In particular, Conjecture
(0.1) for Borcea-Voisin threefolds with g = 0 is reduced to the conjecture that
the exponents of the infinite products ΨΛ(·, 2g−1FΛ) and η(τ) are given by the
instanton numbers of the mirror of such Borcea-Voisin threefolds. However, the
Borcea-Voisin mirror construction does not apply to the case g = 0 because of the
non-existence of a primitive U ⊂ Λ (cf. [40, Sect. 2.6]). Thus we are naturally led to
the following question: What is the mirror of Borcea-Voisin threefolds with g = 0?
To our knowledge, this basic question is still open.
3.1. A variational formula for τBCOV. We keep the notation in Section 2.
The modular curve X(1) is the quotient of H defined as
X(1) := H/SL2(Z).
Let ωhyp be the Ka¨hler form of the Poincare´ metric on H
ωhyp = −ddc logℑτ.
By definition, Borcea-Voisin threefolds of type M are parametrized by the prod-
uct M0Λ ×X(1). Hence τBCOV ∈ Cω(M0Λ ×X(1)).
Theorem 3.5. Regard τBCOV as an O(Λ)×SL2(Z)-invariant Cω function on Ω0Λ×
H. Then the following equations of (1, 1)-forms on Ω0Λ × H hold:
(3.4) − ddc log τBCOV = (r(M) − 6)pr∗1ωΛ + 4pr∗1J∗MωAg + 12pr∗2ωhyp.
In particular, log
[
τBCOV/(τ
−4
M ‖η24‖2)
]
is a pluriharmonic function onM0Λ×X(1).
Proof. Take a 2-elementary K3 surface (S, θ) of type M and an elliptic curve T .
Let f : (S, θ)→ Def(S, θ) be the Kuranishi family of (S, θ) and let g : T → Def(T )
be the Kuranishi family of T . Set X˜ := X˜(S,θ,T ) and let f : (X, X˜)→ (Def(X˜, [X˜])
be the Kuranishi family of X˜ . We have the embedding of germs
µ : Def(S, θ)×Def(T )→ Def(X˜), µ(s, t) := [X˜(Ss,θs,Tt)]
for s ∈ Def(S, θ), t ∈ Def(T ), where (Ss, θs) = f−1(s) and Tt = g−1(t).
(Step 1) Let
E := p−1(Sing(X(S,θ,T ))) = p
−1(Sθ × T [2])
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be the exceptional divisor of p : X˜(S,θ,T ) → X(S,θ,T ). Then E is a P1-bundle over
Sθ × T [2], whose structure is given as follows. Let N := N(Sθ×T [2])/(S×T ) be the
normal bundle of Sθ×T [2] in S×T . Then OP(N )(−1) ⊂ P(N )×N . The projection
OP(N )(−1)→ N is the blowing-up of the zero section of N and
OP(N )(−2) = OP(N )(−1)/± 1→ N/± 1
is a crepant resolution. Let NE/X˜ be the normal bundle of E in X˜. Then
(3.5) E = P(N(Sθ×T [2])/(S×T )), NE/X˜ |E = OE(−2).
We set pE := p|E . Then pE : E = P(N )→ Sθ×T [2] is the projection of P1-bundle.
Let i : E →֒ X˜ be the inclusion. By Voisin [40, Lemme 1.7], we have the decom-
position
(3.6)
H1(X˜,Ω2
X˜
) = [H1(S,Ω1S)
− ⊗H0(T,KT )]⊕ [H0(S,KS)⊗H1(T,OT )]
⊕ i∗p∗EH0(Sθ × T [2],Ω1Sθ×T [2]),
which is orthogonal with respect to the L2-metric on H1(X˜,Ω2
X˜
). The Kodaira-
Spencer map induces the following isomorphisms
(3.7)
ρ1 : ΘDef(S,θ),[(S,θ)] ∼= H1(S,ΘS)+ ∼= H1(S,Ω1S)− ⊗H0(S,KS)∨
∼= [H1(S,Ω1S)− ⊗H0(T,KT )]⊗H0(X˜,KX˜)∨,
(3.8)
ρ2 : ΘDef(T ),[T ] ∼= H1(T,ΘT ) = H1(T,OT )⊗H0(T,KT )∨
∼= [H0(S,KS)⊗H1(T,OT )]⊗H0(X˜,KX˜)∨.
By (3.6), (3.7), (3.8), we get the following canonical identification
(3.9)
ρ3 : ΘDef(X˜),[X˜]
∼= H1(X˜,ΘX˜) ∼= H1(X˜,Ω2X˜)⊗H0(X˜,KX˜)∨ ∼=
ΘDef(S,θ),[(S,θ)]⊕ΘDef(T ),[T ] ⊕
[
i∗p
∗
EH
0(Sθ × T [2],Ω1Sθ×T [2])⊗H0(X˜,KX˜)∨
]
,
where the first isomorphism is given by the Kodaira-Spencer map and the last
decomposition is orthogonal with respect to ωWP. By (1.4), we have
(3.10) (µ∗ωWP)|ΘDef(S,θ)⊕ΘDef(T ) = pr∗1ωΛ + pr∗2ωhyp.
(Step 2) Let (F, hF) be the automorphic vector bundle of rank g on Sg equipped
with the Hermitian structure induced from the polarization such that
(3.11) (f∗Ω
1
Sθ/Def(Sθ), hL2) = J
∗
M (F, hF).
(F is the relative cotangent bundle of the universal family of principally polarized
abelian varieties over Sg.) Let us see the isometry of Hermitian vector spaces
(3.12)
(
i∗p
∗
EH
0(Sθ × T [2],Ω1Sθ×T [2])⊗H0(X˜,KX˜)∨, ωWP
)
∼=
(
H0(Sθ × T [2],Ω1Sθ×T [2]), 2hL2
)
⊗
(
H0(X˜,KX˜), hL2
)∨
.
Recall that i∗ : H
∗(E) → H∗+2(X˜) is defined as the dual of i∗ : H∗(X˜) → H∗(E)
with respect to the Poincare´ duality pairing: For all ϕ ∈ H∗(X˜), ψ ∈ H4−∗(E),∫
X˜
i∗ψ ∧ ϕ = 2π
∫
E
ψ ∧ i∗ϕ.
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Let Φ ∈ H2c (NE/X˜) be the Thom form of Mathai-Quillen (cf. [1, (1.37)]). Identify
NE/X˜ with a tubular neighborhood of E in X˜ and regard Φ as a C
∞ closed 2-form
on X˜ supported on the closure of NE/X˜ by this identification. Since i∗ψ = [Φ] ∧ ψ
and i∗Φ = 2π c1(NE/X˜) by [1, (1.38)], we deduce from (3.5) that for all ω, ω
′ ∈
H0(Sθ × T [2],Ω1Sθ×T [2])〈
i∗p
∗
Eω, i∗p
∗
Eω
′
〉
L2
= −
√−1
(2π)3
∫
X˜
(i∗p
∗
Eω) ∧Φ ∧ p∗Eω′ = −
√−1
(2π)2
∫
E
p∗E(ω ∧ ω′) ∧ i∗Φ
= −
√−1
2π
∫
E
p∗E(ω ∧ ω′) ∧ c1(OE(−2)) =
√−1
π
∫
Sθ×T [2]
ω ∧ ω′ = 2〈ω, ω′〉L2 ,
where we used the projection formula to get the 4-th equality. This verifies (3.12).
By (3.10), (3.12), we have an isometry of holomorphic Hermitian vector bundles on
Def(S, θ)×Def(T )
(3.13)
µ∗
(
ΘDef(X˜), ωWP
) ∼= (ΘDef(S,θ), ωM⊥)⊕ (ΘDef(T ), ωhyp)
⊕
[
J∗M (F
⊕4, 2hF⊕4)⊗ (f∗KX/Def(X˜), hL2)∨
]
.
(Step 3) Since RicωWP = c1(ΘDef(X˜), ωWP), c1(F, 2hF) = ωAg and ωWP =
c1(f∗KX/Def(X˜), hL2), we get by (3.13)
(3.14)
µ∗RicωWP = c1
(
ΘDef(S,θ), ωΛ
)
+ c1
(
ΘDef(T ), ωhyp
)
+ J∗Mc1(F
⊕4, 2hF⊕4)− rk(F⊕4)c1(f∗KX/Def(X˜), hL2)
= c1(ΩΛ, ωΛ) + c1(H, ωH) + 4J
∗
MωSg − 4g µ∗ωWP
= −(dimΩΛ) · ωΛ − 2ωH + 4J∗MωSg − 4g(ωΛ + ωH)
= −(dimΩΛ + 4g)ωΛ − (4g + 2)ωH + 4J∗MωSg .
To get the third equality, we used the Einstein property of the bounded symmetric
domains equipped with the Bergman metric
c1(ΩΛ, ωΛ) = −(dimΩΛ) · ωΛ = −(20− r)ωΛ, c1(H, ωH) = −2ωH.
Since
h2,1(X˜)− 4g = 21− r, χ(X˜)
12
= r − 10
by [40, Cor. 1.8], we deduce from (3.14) and Theorem 1.8 that
(3.15) − ddc log τ˜BCOV = (r − 6)ωΛ + 12ωH + 4 J∗MωSg .
This completes the proof of (3.4). 
Set
FΛ := log
[
τBCOV/(τ
−4
M ‖η24‖2)
] ∈ Cω (M0Λ ×X(1)) .
Then Theorem 3.2 is equivalent to the assertion that FΛ is a constant function on
M0Λ ×X(1). In the rest of Section 3.1, we study the possible singularities of FΛ.
Let ̟ : H → X(1) be the projection and let PΛ := ΠΛ × ̟ be the projection
from ΩΛ × H to MΛ ×X(1).
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Proposition 3.6. For any d ∈ ∆Λ, there exists α(d) ∈ Q such that
(3.16) − ddc [P∗ΛFΛ] = ∑
d∈∆Λ/±1
α(d) δHd×H.
Here α(g · d) = α(d) for all g ∈ O(Λ). In particular, ∂FΛ is a logarithmic 1-form
on MΛ ×X(1) with possible pole along DΛ ×X(1).
Proof. Let d ∈ ∆Λ and let z ∈ H. Let γ : ∆ → ΩΛ be a holomorphic curve
intersecting Hd transversally at γ(0) ∈ H0d . By Theorem 1.6 and [45, Prop. 5.5],
there exists aγ,d,z ∈ Q such that
(3.17) log τBCOV (PΛ(γ(t), z)) = aγ,d,z log |t|2 +O (log(− log |t|)) (t→ 0).
By [43, Th. 6.5], we get
(3.18) log
[
τM (γ(t))
−4‖η(z)24‖2] = 1
2
log |t|2 +O(1) (t→ 0).
By (3.17), (3.18), we get
(3.19) FΛ (PΛ(γ(t), z)) = (aγ,d,z − 1
2
) log |t|2 +O (log(− log |t|)) (t→ 0).
Since P∗ΛF
Λ is pluriharmonic on Ω0Λ × H, the constant aγ,d,z − 12 depends only on
d ∈ ∆Λ by [45, Lemma 5.9]. Hence we can define α(d) := −(aγ,d,z − 12 ). Then
(3.16) follows from (3.19) and [45, Lemma 5.9]. The property α(g · d) = α(d) for
all g ∈ O(Λ) is a consequence of the O(Λ)-invariance of P∗ΛFΛ. 
Recall thatM∗Λ is the Baily-Borel compactification ofMΛ and BΛ =M∗Λ \MΛ
is its boundary locus.
Lemma 3.7. Let C ⊂ M∗Λ be an irreducible curve such that C 6⊂ BΛ. For any
z ∈ X(1), FΛ|C×{z} has at most logarithmic singularities at (C∩BΛ)×{z}. Namely,
for any x ∈ (C ∩ BΛ)× {z}, there exists α ∈ Q such that
FΛ(t, z) = α log |t|2 +O (log(− log |t|)) (t→ 0),
where t is a local parameter of C centered at x.
Proof. By [47, Th. 3.1], there is an irreducible curve B, a finite surjective map
ϕ : B → C, a smooth projective threefold S, a surjective holomorphic map f : S →
B, and a holomorphic involution θ : S → S preserving the fibers of f with the
following properties:
(i) There is a non-empty Zariski open subset B0 ⊂ B such that (Sb, θb) is a
2-elementary K3 surface of type M for all b ∈ B0. Here, Sb := f−1(b) and
θb := θ|Sb .
(ii) ϕ : B0 → C ∩ M0Λ is the period map for the family of 2-elementary K3
surfaces f : (S, θ)|B0 → B0 of type M .
Let T be an elliptic curve. Let X → (S × T )/(θ × −1T ) be a resolution and let
g : X → B be the map induced from the map f ◦ pr1 : S ×T → B. We may assume
that Xb := g
−1(b) is the Borcea-Voisin threefold X˜(Sb,θb,T ) for all b ∈ B0.
Let p ∈ ϕ−1(C ∩ BΛ) and let (U, s) be a coordinate neighborhood of B centered
at p. By Theorem 1.6 applied to the family of Calabi-Yau threefolds g : X → B,
there exists β ∈ Q such that at s→ 0,
(3.20) ϕ∗(log τBCOV)(s) = log τBCOV(Xs) = β log |s|2 +O(log(− log |s|)).
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By (2.5) and (3.20), FΛ|C×{z} has at most logarithmic singularities at (C∩BΛ)×{z}.
This completes the proof. 
Set +i∞ := X∗(1) \X(1).
Lemma 3.8. For any [η] ∈M0Λ, FΛ|[η]×X(1) has at most a logarithmic singularity
at ([η],+i∞).
Proof. The result follows from [45, Prop. 5.6] and Theorems 8.1 and 8.2 below. 
3.2. Examples verifying Theorem 3.2.
Lemma 3.9. Let F be a real-valued pluriharmonic function onMΛ×X(1). Assume
that for any [η] ∈M0Λ, F |[η]×X(1) has at most logarithmic singularity at ([η],+i∞).
(1) If r ≤ 17, then F is a constant function.
(2) If r ≥ 18, assume moreover that for every complete irreducible curve C ⊂M∗Λ
with C 6⊂ BΛ and for every z ∈ X(1), F |C×{z} has at most logarithmic singularity
at any point of (C ∩ BΛ)× {z}. Namely, there exists α ∈ Q such that
F ([η], j) = α log |j|2 +O (log(− log |j|)) (j → +i∞),
where j : X∗(1) ∼= P1 is the isomorphism given by the j-invariant. Then F is a
constant.
Proof. (1) Since r ≤ 17, BΛ has codimension ≥ 2 in M∗Λ. By Grauert-Remmert
[14, Satz 4] and the normality of M∗Λ, F extends to a pluriharmonic function on
M∗Λ ×X(1). By the compactness of M∗Λ, there exists a function ψ on X(1) such
that F = pr∗2ψ. Since F is pluriharmonic, ψ must be a harmonic function on X(1)
because ψ = F |[η]×X(1), where [η] ∈ M0Λ. Since F |[η]×X(1) has at most logarithmic
singularity at ([η],+i∞), ψ has at most logarithmic singularity at +i∞. Namely,
there exists α ∈ R such that
(3.21) ψ(j) = α log |j|2 + O(log log |j|) (j →∞).
Since ψ is harmonic on X(1), it follows from (3.21) that ∂ψ is a logarithmic 1-form
on X∗(1) ∼= P1 with possible pole at j = ∞ and with residue α. By the residue
theorem applied to ∂ψ, we get α = 0. Hence ∂ψ is a holomorphic 1-form on X∗(1).
As a result, ∂ψ = 0 on X∗(1), so that ψ is a constant function on X(1). This proves
that F = pr∗2ψ is a constant function on MΛ ×X(1).
(2) Let z ∈ X(1). By assumption and [45, Lemma 5.9], F |M∗Λ×{z} has at most
logarithmic singularity along BΛ. Hence ∂F |M∗Λ×{z} is a logarithmic 1-form onM∗Λ × {z} with possible pole along the irreducible divisor BΛ. We set
α := ResBΛ×{z}(∂F |M∗Λ×{z}).
Let C ⊂ M∗Λ be a complete irreducible curve with C 6= BΛ and C ∩ BΛ 6= ∅. By
the residue theorem applied to the logarithmic 1-form ∂F |C×{z} on C × {z}, we
get α ·#(C ∩BΛ) = 0. Hence α = 0, so that F |M∗Λ×{z} is a pluriharmonic function
on M∗Λ \ SingM∗Λ. By [14, Satz 4] and the normality of M∗Λ, F |M∗Λ×{z} extends
to a pluriharmonic function on M∗Λ. By the compactness of M∗Λ, F |M∗Λ×{z} is a
constant function on M∗Λ. This implies the existence of a harmonic function ψ
on X(1) such that F = (pr2)
∗ψ. By the same argument as in (1), ψ is a constant
function on X(1). This proves that F = pr∗2ψ is a constant function onMΛ×X(1).
This completes the proof. 
Theorem 3.10. If r ≤ 17 and DΛ is irreducible, then Theorem 3.2 holds.
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Proof. Let α ∈ Q be the residue of the logarithmic 1-form ∂FΛ along DΛ ×X(1).
Since r ≤ 17 and hence BΛ has codimension ≥ 2 in M∗Λ, there is an irreducible
complete curve C ⊂M∗Λ such that C∩BΛ = ∅ and C∩DΛ 6= ∅. Let z ∈ X(1) be an
arbitrary point. Since ∂FΛ|C×{z} is a logarithmic 1-form on C × {z} with residue
α at any pole of ∂FΛ|C×{z}, the total residue of ∂FΛ|C×{z} is a non-zero multiple
of α. By the residue theorem, we get α = 0. Thus ∂FΛ is a holomorphic 1-form
on MΛ ×X(1), so that FΛ is a pluriharmonic function on MΛ ×X(1). Now, the
result follows from Lemma 3.9 (1). 
3.3. The behavior of BCOV invariants near the discriminant locus.
3.3.1. Ordinary singular families of 2-elementary K3 surfaces. Let S be a smooth
complex threefold and let p : S → ∆ be a proper surjective holomorphic function
without critical points on S \ p−1(0). Let θ : S → S be a holomorphic involution
preserving the fibers of p. Set St = p
−1(t) and θt = θ|St for t ∈ ∆. Then p : (S, θ)→
∆ is called an ordinary singular family of 2-elementaryK3 surfaces if p has a unique,
non-degenerate critical point on S0 and if (St, θt) is a 2-elementary K3 surface for
all t ∈ ∆∗. Let o ∈ S be the unique critical point of p. By [43, Sect. 2.2], there
exists a system of coordinates (U , (w1, w2, w3)) centered at o such that
ι(w) = (−w1,−w2,−w3) or (w1, w2,−w3), z ∈ U .
If ι(w) = (−w1,−w2,−w3) on U , ι is said to be of type (0, 3). If ι(w) = (w1, w2,−w3)
on U , ι is said to be of type (2, 1).
Lemma 3.11. There exists a system of local coordinates (z1, z2, z3) of Z centered
at o ∈ Z and a coordinate t of ∆ centered at 0 ∈ ∆ with the following properties.
(1) If ι is of type (0, 3), then
(3.22) ι(z1, z2, z3) = (−z1,−z2,−z3), p(z1, z2, z3) = (z1)2 + (z2)2 + (z3)2.
(2) If ι is of type (2, 1), then
(3.23) ι(z1, z2, z3) = (z1, z2,−z3), p(z1, z2, z3) = (z1)2 + (z2)2 + (z3)2.
Proof. The proof is standard and is omitted. 
3.3.2. Two local models of critical points. We introduce two local models of critical
points appearing in certain degenerations of Borcea-Voisin threefolds.
Let B ⊂ C3 be the unit ball of radius 1. Let T be an elliptic curve. Define
involutions ι(2,2), ι(0,4) on B× T by
ι(2,2)(z, w) = (z1, z2,−z3,−w), ι(0,4)(z, w) = (−z1,−z2,−z3,−w),
where z = (z1, z2, z3) ∈ B and w ∈ T . Set
V(2,2) := (B× T )/ι(2,2), V(0,4) := (B× T )/ι(0,4).
Then V(2,2) and V(0,4) are orbifolds. Since the nowhere vanishing canonical form
dz1 ∧ dz2 ∧ dz3 ∧ dw on B × T is invariant under the ι(2,2) and ι(0,4)-actions, it
descends to a nowhere vanishing canonical form in the sense of orbifolds on V(2,2)
and V(0,4), respectively. We write Ξ(2,2) (resp. Ξ(0,4)) for the nowhere vanishing
canonical form on V(2,2) (resp. V(0,4)) induced by dz1 ∧ dz2 ∧ dz3 ∧ dw.
For (z, w) ∈ B × T , write [(z, w)](2,2) ∈ V(2,2) and [(z, w)](0,4) ∈ V(0,4) for the
images of (z, w) by the projections B×T → V(2,2) and B×T → V(0,4), respectively.
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(Case 1) Set Σ := {[(z, w)](2,2) ∈ V(2,2); z1 = z2 = 0}. Then Sing V(2,2) = Σ.
Let σ(2,2) : V˜(2,2) → V(2,2) be the blowing-up along Σ, which is a resolution of the
singularities of V(2,2). Define F (2,2) ∈ O(V(2,2)) by
F (2,2)([(z, w)](2,2)) := (z1)
2 + (z2)
2 + (z3)
2
and set
F˜ (2,2) := F (2,2) ◦ σ(2,2) ∈ O(V˜(2,2)).
Set W := {(u, v, r) ∈ C3; uv − r2 = 0}. Since C2/ ± 1 ∼= W via the map
±(z3, w) 7→ ((z3)2, w2, z3w), we have an isomorphism of germs (V(2,2), x) ∼= (C2 ×
W, (0, 0)) for any x ∈ Sing V(2,2). Under this identification of germs, the function
germ F (2,2) : (C4/ι(2,2), 0) = (C2 ×W, (0, 0))→ (C, 0) is expressed as
(3.24) F (2,2)(z1, z2, u, v, r) = (z1)
2 + (z2)
2 + u,
where (z1, z2) ∈ C2, (u, v, r) ∈ W .
Let σ : (W˜ , E) → (W, 0) be the blowing-up at the origin, where E = σ−1(0) ∼=
P1. The isomorphism (V(2,2), x) ∼= (C2 × W, (0, 0)) induces an isomorphism of
germs (V˜(2,2), x˜) ∼= (C2 × W˜ , (0, ζ)) for any x˜ ∈ (σ(2,2))−1(x), where ζ ∈ σ−1(0)
is the point corresponding to x˜. Let {U0,U1,U2} be the open covering of C2 × W˜
defined as
U0 := C2 × σ−1({u 6= 0}), U1 := C2 × σ−1({v 6= 0}), U2 := C2 × σ−1({r 6= 0}).
By (3.24), F˜ (2,2) has no critical points on U0 ∪ U2. On U1, we have the system of
coordinates (z1, z2, v, s := r/v). Since
F˜ (2,2)(z1, z2, v, s) = (z1)
2 + (z2)
2 + u = (z1)
2 + (z2)
2 +
r2
v
= (z1)
2 + (z2)
2 + vs2,
we get
ΣF˜ (2,2) = {z1 = z2 = s = 0} ∩ U1.
Hence dimΣF˜ (2,2) = 1. In particular, the divisor (F˜
(2,2))−1(0) is irreducible.
Since the dualizing sheaf of W˜ is trivial, so is the dualizing sheaf ofC2×W˜ . Since
Ξ(2,2) is a nowhere vanishing section of the dualizing sheaf ofC2×W˜ , (σ(2,2))∗Ξ(2,2)
extends to a nowhere vanishing canonical form on V˜(2,2). If Υ is a nowhere van-
ishing canonical form on V(2,2) \ Sing V(2,2), then Υ/Ξ(2,2) is a nowhere vanishing
holomorphic function on V(2,2) \ Sing V(2,2), which extends to a nowhere vanish-
ing holomorphic function on V(2,2). Hence (σ(2,2))∗Υ is also a nowhere vanishing
canonical form on V˜(2,2).
(Case 2) Let ω1, ω2, ω3 ∈ T be non-zero points of order 2. Then
Sing V(0,4) = {[(0, 0)](0,4), [(0, ω1)](0,4), [(0, ω2)](0,4), [(0, ω3)](0,4)}
consists of 4 isolated quotient singularities isomorphic to (C4/± 1, 0).
Define F (0,4) ∈ O(V(0,4)) by
F (0,4)([(z, w)](0,4)) := (z1)
2 + (z2)
2 + (z3)
2
By this expression, we have
ΣF (0,4) = {[(0, w)](0,4) ∈ V(0,4); w ∈ T }.
In particular, dimΣF (0,4) = 1. Since the inverse image of (F
(0,4))−1(0) in B× T is
irreducible, (F (0,4))−1(0) is an irreducible divisor of V(0,4).
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3.3.3. A degenerating family of Borcea-Voisin threefolds and BCOV invariants, I.
Let S and S ′ be smooth irreducible projective threefolds. Let θ : S → S and
θ′ : S ′ → S ′ be holomorphic involutions on S and S ′, respectively. Let B and B′
be compact Riemann surfaces and let p : S → B and p′ : S ′ → B′ be surjective
holomorphic maps. Let ∆ ⊂ B and ∆′ ⊂ B′ be the discriminant loci of p : S → B
and p′ : S ′ → B′, respectively. Let p ∈ ∆ and p′ ∈ ∆′. For b ∈ B and b′ ∈ B′, set
Sb := p
−1(b) and S′b′ := (p
′)−1(b′). We assume the following:
(1) θ and θ′ preserve the fibers of p and p′, respectively. Set θb := θ|Sb and
θ′b′ := θ
′|S′
b′
for b ∈ B and b′ ∈ B′.
(2) There exist primitive 2-elementary Lorentzian sublattices M,M ′ ⊂ LK3
such that (Sb, θb) is a 2-elementary K3 surface of type M for all B \∆ and
(S′b′ , θ
′
b′) is a 2-elementary K3 surface of type M
′ for all B′ \∆′.
(3) There is a neighborhood U of p in B such that
p : (p−1(U), θ|p−1(U))→ U
is an ordinary singular family of 2-elementary K3 surfaces of type M . Sim-
ilarly, there is a neighborhood U ′ of p′ in B′ such that
p′ : ((p′)−1(U ′), θ′|(p′)−1(U ′))→ U ′
is an ordinary singular family of 2-elementary K3 surfaces of type M ′.
Let T be an elliptic curve. We set
ι := θ × (−1)T , ι′ := θ′ × (−1)T
and
X := (S × T )/ι, X ′ := (S ′ × T )/ι′.
Let π : X → B and π′ : X ′ → B′ be the projections induced from the projections
p : S → B and p′ : S ′ → B′, respectively. Since S × T (resp. S ′ × T ) is a complex
manifold, the set of fixed points of the ι-action (resp. ι′-action) on S×T (resp. S ′×
T ), i.e., Sθ×T [2] (resp. (S ′)θ′×T [2]) is the disjoint union of complex submanifolds.
Let Z := (Sθ×T [2])hol and Z ′ := ((S ′)θ′×T [2])hol be the horizontal components.
Namely, Z is the union of those connected components of Sθ × T [2] which are flat
over B. Similarly, Z ′ is the union of those connected components of (S ′)θ′ × T [2]
which are flat over B′. Then Z and Z ′ are complex submanifolds of S × T and
S ′ × T of codimension 2, respectively.
Let σ : X˜ → X be the blowing-up of X along Z and let σ′ : X˜ ′ → X ′ be the
blowing-up of X ′ along Z ′. We set
π˜ := π ◦ σ : X˜ → B, π˜′ := π′ ◦ σ′ : X˜ ′ → B′.
By construction, π˜−1(b) = X˜(Sb,θb,T ) for b ∈ U \ {p} and (π˜′)−1(b′) = X˜(S′b′ ,θ′b′ ,T )
for b′ ∈ U ′ \ {p′}. Fix isomorphisms of germs (U, p) ∼= (C, 0) and (U ′, p′) ∼= (C, 0).
Then, for t ∈ C with 0 < |t| ≪ 1, X˜(St,θt,T ) is a Borcea-Voisin threefold of type M
and X˜(S′t,θ′t,T ) is a Borcea-Voisin threefold of type M
′.
Theorem 3.12. If θ|p−1(U) and θ′|(p′)−1(U ′) have the same type, then
lim
t→0
log τBCOV(X˜(St,θt,T ))
log |t|2 = limt→0
log τBCOV(X˜(S′t,θ′t,T ))
log |t|2 .
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In particular, as t→ 0,
log τBCOV(X˜(St,θt,T ))− log τBCOV(X˜(S′t,θ′t,T )) = O (log(− log |t|)) .
Proof. By Theorem 1.7, it suffices to verify conditions (A1), (A2), (A3), (A4) in
Section 1.3 for the families π˜ : X˜ → B and π˜′ : X˜ ′ → B′. Since π˜−1(b) = X˜(Sb,θb,T )
for b ∈ U \ {p} and (π˜′)−1(b′) = X˜(S′
b′
,θ′
b′
,T ) for b
′ ∈ U ′ \ {p′}, condition (A2) holds.
Set θU := θ|p−1(U) and θ′U ′ := θ′|(p′)−1(U ′). Let o be the unique critical point of
p|p−1(U) and let o′ be the unique critical point of p′|(p′)−1(U ′).
(Step 1) By Lemma 3.11, there exist a neighborhood U of o in S and a
system of coordinates (z1, z2, z3) on U centered at o such that (U , (z1, z2, z3)) =
(B, (z1, z2, z3)) and such that either (3.22) or (3.23) holds on U . Similarly, there
exist a neighborhood U ′ of o′ in S ′ and a system of coordinates (z1, z2, z3) on U ′
centered at o′ such that (U ′, (z1, z2, z3)) = (B, (z1, z2, z3)) and such that either
(3.22) or (3.23) holds on U ′. Since θU and θ′U ′ have the same type, we get
(3.25) (U × T )/ι ∼= (U ′ × T )/ι′ ∼=
{
V(2,2) if θU , θ′U ′ are of type (2, 1),
V(0,4) if θU , θ′U ′ are of type (0, 3).
Define open subsets O ⊂ X˜ and O′ ⊂ X˜ ′ by
O := σ−1 ((U × T )/ι) , O′ := (σ′)−1 ((U ′ × T )/ι′) .
By (3.25), we get the following isomorphism
(3.26) O ∼= O′ ∼=
{
V˜(2,2) if θU , θ′U ′ are of type (2, 1),
V(0,4) if θU , θ′U ′ are of type (0, 3).
By (3.22), (3.23), we get under the isomorphism (3.25)
(3.27) π|(U×T )/ι = π′|(U ′×T )/ι′ =
{
F (2,2) if θU , θ
′
U ′ are of type (2, 1),
F (0,4) if θU , θ
′
U ′ are of type (0, 3).
Under the isomorphism (3.26), we get by (3.27) the following isomorphism of pairs:
(3.28) (O, π˜) ∼= (O′, π˜′) ∼=
{ (
V˜(2,2), F˜ (2,2)
)
if θU , θ
′
U ′ are of type (2, 1),(V(0,4), F (0,4)) if θU , θ′U ′ are of type (0, 3).
This verifies condition (A4) in Section 1.3.
(Step 2) Since S0 and S
′
0 are singular K3 surfaces with a unique ordinary double
point as its singular set, the divisors π˜−1(0) and (π˜′)−1(0) are irreducible by the
descriptions of (V˜(2,2), F˜ (2,2)) and (V˜(0,4), F˜ (0,4)) in Section 3.3.2. Similarly, by the
descriptions of (V˜(2,2), F˜ (2,2)) and (V˜(0,4), F˜ (0,4)) in Section 3.3.2, we get
(3.29) dimΣπ˜ = dimΣπ˜′ = 1.
This verifies condition (A1) in Section 1.3.
(Step 3) By choosing U and U ′ sufficiently small, we may assume by [43, Lemma
2.3] that p−1(U) and (p′)−1(U ′) carry nowhere vanishing canonical forms ξ and ξ′,
respectively, such that θ∗ξ = −ξ and (θ′)∗ξ′ = −ξ′. Then ξ ∧ dw and ξ′ ∧ dw are
nowhere vanishing canonical forms on p−1(U)×T and (p′)−1(U ′)×T , respectively,
such that ι∗(ξ ∧ dw) = ξ ∧ dw and (ι′)∗(ξ′ ∧ dw) = ξ′ ∧ dw. Hence ξ ∧ dw (resp.
ξ′ ∧ dw) induces a nowhere vanishing canonical form Ξ (resp. Ξ′) in the sense of
orbifolds on (U × T )/ι (resp. (U ′ × T )/ι′).
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Let θU and θ
′
U ′ be of type (2, 1). Since every nowhere vanishing canonical form
on (U × T )/ι (resp. (U ′ × T )/ι′) lifts to a nowhere vanishing canonical form on O
(resp. O′) via σ (resp. σ′) by Section 3.3.2 Case 1, σ∗Ξ (resp. (σ′)∗Ξ′) is a nowhere
vanishing canonical form on O (resp. O′).
Let θU and θ
′
U ′ be of type (0, 3). Then O
∼= O′ ∼= V(0,4) by (3.26). Hence Ξ
(resp. Ξ′) is a nowhere vanishing canonical form on O \ Σπ˜ (resp. O′ \Σπ˜′). This
verifies condition (A3) in Section 1.3. Since conditions (A1), (A2), (A3), (A4) are
verified for π˜ : X˜ → B and π˜′ : X˜ ′ → B′, the result follows from Theorem 1.7. 
3.3.4. A degenerating family of Borcea-Voisin threefolds and BCOV invariants, II.
Let S be a smooth projective threefold equipped with a holomorphic involution
θ : S → S. Let B be a compact Riemann surface and let p : S → B be a surjective
holomorphic map. Let ∆ ⊂ B be the discriminant locus of p : S → B and let p ∈ ∆.
We assume the following:
(1) θ preserves the fibers of p and the pair (Sb, θb) is a 2-elementary K3 surface
of type M for all B \∆, where Sb := p−1(b) and θb := θ|Sb .
(2) There is a neighborhood U of q in B such that p : (p−1(U), θ|p−1(U)) → U
is an ordinary singular family of 2-elementary K3 surfaces of type M .
Theorem 3.13. Let T be an elliptic curve. If θ|p−1(U) is of type (2, 1), then
log τBCOV(X˜(St,θt,T )) =
1
2
log |t|2 +O (log(− log |t|)) (t→ 0).
Proof. Set M := U⊕ E8(2). Then DΛ is irreducible by [46, Prop. 11.6].
(Step 1) By [43, Th. 2.8], there exist a smooth projective threefold S ′ equipped
with a holomorphic involution θ′ : S ′ → S ′, a pointed compact Riemann surface
(B′, p′) equipped with a neighborhood U ′ of p′, and a surjective holomorphic map
p′ : S ′ → B′ with the following properties:
(1) θ′ preserves the fibers of p′.
(2) p′ : (S ′U ′ , θ′|S′U′ ) → U ′ is an ordinary singular family of 2-elementary K3
surfaces of type M .
Since M = U ⊕ E8(2), the fixed-point-set (S′b′)θ
′
b′ consists of two disjoint elliptic
curves for all b′ ∈ U ′ \ {p′}. Assume that θ′U ′ is of type (0, 3). Then the set of
fixed points of the θ′p′-action on S
′
p′ = (p
′)−1(p′) consists of two disjoint elliptic
curves and the isolated point SingS′p′ . Let µ : S˜
′
p′ → S′p′ be the minimal resolution.
By [46, Th. 2.3 (1)], the involution θ′p′ on S
′
p′ lifts to an involution θ˜
′
p′ on S˜
′
p′
and the pair (S˜′p′ , θ˜
′
p′) is a 2-elementary K3 surface. Since θ
′
U ′ is of type (0, 3),
µ−1(Sing S′p′)
∼= P1 must be a component of the fixed-point-set (S˜′p′)θ˜
′
p′ . Thus
(S˜′p′)
θ˜′
p′ consists of two elliptic curves and a (−2)-curve. By Proposition 2.1, this
is impossible. Hence θ′U ′ is of type (2, 1). (Even though U ⊕ E8(2) is one of the
exceptional lattices in the sense of [46], the proof of [46, Th. 2.3 (2)] remains valid.
The fact that θ′U ′ is of type (2, 1) also follows from [46, Th. 2.3 (2)].)
(Step 2) Since the elliptic curve T is fixed, there exists by Theorem 3.10 a
constant C such that
(3.30) log τBCOV(X˜(S′t,θ′t,T )) = −4 log τM (S′t, θ′t) + C (∀ t ∈ U ′ \ {p′}).
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Since p′|U ′ : (S ′|U ′ , θ′) → U ′ is an ordinary singular family of 2-elementary K3
surfaces, we get by [43, Th. 6.5]
(3.31) log τM (S
′
t, θ
′
t) = −
1
8
log |t|2 +O (log(− log |t|)) (t→ 0).
By (3.30), (3.31), we get
(3.32) log τBCOV(X˜(S′t,θ′t,T )) =
1
2
log |t|2 +O (log(− log |t|)) (t→ 0).
Since θ′U ′ is of type (2, 1), it follows from (3.32) and Theorem 3.12 that
log τBCOV(X˜(St,θt,T )) = log τBCOV(X˜(S′t,θ′t,T )) +O (log(− log |t|))
=
1
2
log |t|2 +O (log(− log |t|))
as t→ 0. This completes the proof. 
Theorem 3.14. Let T be an elliptic curve. If θ|p−1(U) is of type (0, 3), then
log τBCOV(X˜(St,θt,T )) =
1
2
log |t|2 +O (log(− log |t|)) (t→ 0).
Proof. Set M := U(2)⊕ E8(2). Then DΛ is irreducible by e.g. [46, Prop. 11.6].
(Step 1) By [43, Th. 2.8], there exist a smooth projective threefold S ′ equipped
with a holomorphic involution θ′ : S ′ → S ′, a pointed compact Riemann surface
(B′, p′) equipped with a neighborhood U ′ of p′, and a surjective holomorphic map
p′ : S ′ → B′ with the following properties:
(1) θ′ preserves the fibers of p′.
(2) p′ : (S ′U ′ , θ′|S′U′ ) → U ′ is an ordinary singular family of 2-elementary K3
surfaces of type M .
Let ∆′ be the discriminant locus of p′ : S ′ → B′. Since M = U(2)⊕ E8(2), θ′b′ has
no fixed points on S′b′ for all b
′ ∈ B′ \∆′ by Proposition 2.1. Hence (S ′)θ′ has no
horizontal components, which implies that θ′U ′ := θ
′|S′
U′
is of type (0, 3). (Since the
lattice U(2)⊕ E8(2) is exceptional, [46, Th. 2.3 (2)] does not apply in this case.)
(Step 2) Let t be a local parameter of B′ centered at p′ and set S′t := (p
′)−1(t)
and θ′t := θ
′|S′t . Since the elliptic curve T is fixed, there exist by Theorem 3.10 a
constant C such that
(3.33) log τBCOV(X˜(S′t,θ′t,T )) = −4 log τM (S′t, θ′t) + C (∀ t ∈ U ′ \ {p′}).
Since p′|U ′ : (S ′|U ′ , θ′) → U ′ is an ordinary singular family of 2-elementary K3
surfaces, we get by [43, Th. 6.5]
(3.34) log τM (S
′
t, θ
′
t) = −
1
8
log |t|2 +O (log(− log |t|)) (t→ 0).
By (3.33), (3.34), we get
(3.35) log τBCOV(X˜(S′t,θ′t,T )) =
1
2
log |t|2 +O (log(− log |t|)) (t→ 0).
Since θ′U ′ is of type (0, 3), it follows from (3.35) and Theorem 3.12 that
log τBCOV(X˜(St,θt,T )) = log τBCOV(X˜(S′t,θ′t,T )) +O (log(− log |t|))
=
1
2
log |t|2 +O (log(− log |t|))
as t→ 0. This completes the proof. 
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3.3.5. The singularity of BCOV invariants near the discriminant locus.
Theorem 3.15. Let M be a primitive 2-elementary Lorentzian sublattice of LK3.
Let C ⊂ MΛ be a compact Riemann surface intersecting DΛ transversally at suf-
ficiently general point p ∈ C ∩ DΛ. Let γ : (C, 0) → (C, p) be an isomorphism of
germs. Let c ∈ X(1). Write τBCOV(γ(t), c) for the BCOV invariant of the Borcea-
Voisin threefold associated with the 2-elementary K3 surface with period γ(z) and
the elliptic curve with period c. Then the following holds
(3.36) log τBCOV(γ(t), c) =
1
2
log |t|2 +O (log(− log |t|)) (t→ 0).
Proof. If (3.36) holds for one isomorphism ̟ : (C, 0) → (C, p), then it holds for
every isomorphism of germs γ : (C, 0) → (C, p). Hence it suffices to prove (3.36)
for one particular isomorphism ̟ : (C, 0)→ (C, p).
By [43, Th. 2.8], there is a family of 2-elementary K3 surfaces p : (S, θ) → B of
type M (with degenerate fibers) over a pointed compact Riemann surface (B, q)
with the following properties:
(1) Let ∆ ⊂ B be the discriminant locus of p : S → B and let ̟ : B \∆ ∋ b→
πM (Sb, θb) ∈ M0Λ be the period map for p : (S, θ)→ B, where Sb := p−1(b)
and θb := θ|Sb . Then ̟ extends to a surjective holomorphic map from B
to C with p = ̟(q) such that ̟ is non-degenerate at q. In particular,
̟ : B →MΛ intersects DΛ transversally at p = ̟(q).
(2) There is a neighborhood U of q in B such that p : (p−1(U), θ|p−1(U)) → U
is an ordinary singular family of 2-elementary K3 surfaces of type M .
Let T be an elliptic curve with period c. Let (U, t) be a coordinate neighborhood
of q in B. By choosing U sufficiently small, it follows from (1) that ̟ induces an
isomorphism of germs (U, q) and (C, p). By construction,
(3.37) τBCOV(̟(t), c) = τBCOV(X˜(St,θt,T )).
Since p : (p−1(U), θ|p−1(U))→ U is an ordinary singular family of 2-elementary K3
surfaces by (2), the result for the isomorphism of germs ̟ : (U, q)→ (C, p) follows
from (3.37) and Theorems 3.13 and 3.14. 
3.4. Proof of Theorem 3.2. By Theorems 3.5 and 3.15, we have the following
equation of currents on MΛ ×X(1)
−ddc log τBCOV = (r(M) − 6)pr∗1ωΛ + 4pr∗1J∗MωAg(M) + 12pr∗2ωhyp −
1
2
δDΛ×X(1).
Since log(τ−4M ‖η24‖2) satisfies the same equation of currents onMΛ ×X(1) by [43,
Th. 6.5], we get the following equation of currents on MΛ ×X(1)
−ddc log[τBCOV/(τ−4M ‖η24‖2)] = 0.
Hence FΛ = log[τBCOV/(τ
−4
M ‖η24‖2)] is a pluriharmonic function on MΛ ×X(1).
By Lemma 3.8, FΛ verifies the assumption of Lemma 3.9.
If r ≤ 17, then FΛ is a constant function on MΛ × X(1) by Lemma 3.9 (1).
The assertion is proved when r ≤ 17. Let r ≥ 18. Then BΛ = M∗Λ \ MΛ is an
irreducible divisor ofM∗Λ by [46, Prop. 11.7]. By Lemma 3.7, FΛ is a pluriharmonic
function onMΛ ×X(1) with at most logarithmic singularity along BΛ ×X(1). By
Lemma 3.9 (2), FΛ is a constant function onMΛ×X(1). This proves the assertion
when r ≥ 18. This completes the proof. 
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4. Orbifold submersions and characteristic forms
In this section, we study a local model of holomorphic orbifold submersions (cf.
[24, Def. 1.7]) of relative dimension 3 and give explicit expressions of some orbifold
characteristic forms associated to it (Theorem 4.20). This result shall play crucial
roles in Sections 5, 6, 7. In what follows, for a group G, we set
G∗ := G \ {1}
4.1. Characteristic forms. For a holomorphic Hermitian vector bundle (E, h)
over a complex manifold Z, we denote by R(E, h) ∈ A1,1(Z,End(E)) the curvature
form of (E, h) with respect to the holomorphic Hermitian connection. The p-th
Chern form of (E, h) is denoted by cp(E, h) ∈ Ap,p(Z). The Todd and Chern
character forms of (E, h) are the differential forms on Z defined as
Td(E, h) := det
(
i
2πR(E, h)
IE − exp(− i2πR(E, h))
)
, ch(E, h) := Tr
[
exp
(
i
2π
R(E, h)
)]
.
4.1.1. Equivariant characteristic forms. Let G ⊂ Aut(Z) be a finite group of au-
tomorphisms of Z. Assume that (E, h) is a G-equivariant holomorphic Hermitian
vector bundle. For g ∈ G, let Zg be the set of its fixed points:
Zg := {z ∈ Z; g(z) = z}.
If ord(g) = n, we have the splitting of holomorphic vector bundles on Zg
(4.1) E|Zg =
⊕
α
E(θα), θα ∈ {0, 2π
n
, . . . ,
2π(n− 1)
n
},
where E(θ) := {v ∈ E; g(v) = eiθ v} is the eigenbundle of E|Zg . The splitting (4.1)
is orthogonal with respect to the Hermitian metric h. We set hE(θ) := h|E(θ).
Define the equivariant Todd and Chern character forms of (E, h) as
Tdg(E, h) := Td(E(0), hE(0))
∏
θα 6=0
Td
e
(
i
2π
R(E(θα), hE(θα)) + iθα
)
,
chg(E, h) := Tr
[
g · exp
(
i
2π
R(E, h)
)]
=
∑
α
eiθαTr
[
exp
(
i
2π
R(E(θα), hE(θα))
)]
,
where (Td/e)(A + iθ) := det[In/(In − e−iθ exp(−A))] for an (n, n)-matrix A. By
definition, Tdg(E, h) and chg(E, h) are differential forms in
⊕
p≥0A
p,p(Zg).
4.1.2. Orbifold characteristic forms. We consider a local model of abelian orbifold.
Assume that G is abelian. For z ∈ Z, let Gz be the stabilizer of z in G. Set
Z := Z/G. To define its inertia orbifold ΣZ (cf. [18, Sect. 1], [24, Sect. 1.1]), set
(4.2) ΣZ := {(z, g) ∈ Z ×G∗; z ∈ Zg} = ∐g∈G∗Zg × {g}.
Since Zg is a disjoint union of manifolds of various dimensions, so is ΣZ. On ΣZ,
G acts by h · (z, g) := (h · z, hgh−1) for (z, g) ∈ ΣZ, h ∈ G. Since G is abelian, the
G-action on ΣZ preserves every Zg = Zg × {g}. We define the orbifold ΣZ as
(4.3) ΣZ := (ΣZ)/G = (∐g∈G∗Zg × {g})/G.
Define the map ν : ΣZ → Z by ν(z, g) = z. Then ν|Zg is the inclusion Zg →֒ Z.
By the G-equivariance of ν, it descends to a map ν : ΣZ → Z. Since ΣZ = {(z, g) ∈
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Z×G∗; g ∈ Gz}, we have ν−1(z) = {(z, g); g ∈ G∗z}. Let Uz be a small Gz-invariant
neighborhood of z ∈ ν(ΣZ) in Z and set Uz := Uz/Gz. Then
(4.4) ν−1(Uz) = ∐g∈G∗zUgz × {g}, ν−1(Uz) = ∐g∈G∗z (Ugz /Gz)× {g}.
Let π : Z → Z and πΣ : ΣZ → ΣZ be the projections. For a G-invariant differ-
ential form ω on Z, π∗ω is the differential form on Z in the sense of orbifolds such
that π∗(π∗ω) = |G|ω. Similarly, the map of differential forms πΣ∗ is defined. By
definition,
∫
Z
π∗ω =
∫
Z
ω and
∫
ΣZ
πΣ∗ ω
′ =
∫
ΣZ
ω′ for G-invariant differential forms
with compact support ω ∈ A∗0(Z) and ω′ ∈ A∗0(ΣZ).
Let (E, h) be the Hermitian orbifold vector bundle on Z associated to (E, h). Let
φ(·) be a GL(Cr)-invariant polynomial on gl(Cr), r = rkE. By the G-equivariance
of (E, h), the characteristic forms φ(E, h) and
∑
g∈G∗ φg(E, h) are G-invariant dif-
ferential forms on Z and ΣZ, respectively. We define
(4.5) φΣ(E, h) :=
1
|G|π∗φ(E, h) +
1
|G| (π
Σ)∗{
∑
g∈G∗
φg(E, h)} ∈
⊕
p≥0
Ap,p(Z ∐ ΣZ).
Set πg := π for g = 1 and πg := π
Σ|Zg×{g} for g ∈ G∗. Then
(4.6) φΣ(E, h) =
1
|G|
∑
g∈G
(πg)∗φg(E, h).
For more about orbifolds and characteristic forms on orbifolds, see e.g. [18], [24].
4.2. Group action on threefold. Let X be a smooth threefold and let G ⊂
Aut(X) be a finite abelian subgroup. Assume that for all g ∈ G and x ∈ Xg,
(4.7) g∗ ∈ SL(TxX) ∼= SL(C3).
If 1 is an eigenvalue of g∗ ∈ SL(TxX) and g 6= 1, its possible multiplicity is one
by (4.7). Hence Xg consists of at most finitely many, disjoint curves and isolated
points. Let Xg,(k) be the union of all components of Xg of dimension k. Then
ΣX = Σ(0)X ∐ Σ(1)X, Σ(k)X := ∐g∈G∗Xg,(k).
We denoted by
ν(Σ(1)X) =
⋃
λ∈Λ
Cλ
the irreducible decomposition. Then Cλ ⊂Mg for some g ∈ G∗. In Section 4.2, we
study the local structure of ν(ΣX) in X .
By (4.7), we have an inclusion Gx ⊂ SL(TxX) ∼= SL(C3) and hence an isomor-
phism of germs with group action
(4.8) (X, x,Gx) ∼= (C3, 0,Γ),
where Γ ⊂ SL(C3) is a finite abelian subgroup by our assumption. Since Γ is
abelian, there exist characters χk ∈ Hom(Γ,C∗), k = 1, 2, 3, such that
(4.9) Γ = {diag(χ1(g), χ2(g), χ3(g)) ∈ SL(C3); g ∈ Γ}, χ1χ2χ3 = 1.
Let (Ck, 0) ⊂ (C3, 0) be the germ of the xk-axis of (C3, 0). By (4.9), if x ∈ Cλ, λ ∈
Λ, the germ (Cλ, x) must be of the form (Ck, 0) in the expression (4.8). Moreover,
(4.10) (Ck, 0) = (Cλ, x) for some λ ∈ Λ ⇐⇒ kerχk 6= {1}.
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By (4.10), the number of the components of the germ (ν(Σ(1)X), x) is at most 3
for all x ∈ X . For a given number 1 ≤ n ≤ 3, there exists Γ ⊂ SL(C3) such that
the corresponding (ν(Σ(1)X), x) consists of exactly n components.
Example 4.1. Let Γ = 〈diag(i, i,−1)〉. Then (ν(Σ(1)X), x) = C3 and x ∈ ν(Σ(0)X)∩
ν(Σ(1)X) is a smooth point of ν(Σ(1)X).
Example 4.2. Let Γ = 〈diag(−ω,−1, ω2)〉, where ω is a primitive cube root of 1.
Then (ν(Σ(1)X), x) = C2 ∪ C3 and x ∈ ν(Σ(0)X) ∩ ν(Σ(1)X).
Example 4.3. Let Γ = 〈diag(1,−1,−1), diag(−1, 1,−1), diag(−1,−1, 1)〉. Then
(ν(Σ(1)X), x) = C1 ∪ C2 ∪ C3 and x ∈ ν(Σ(1)X) \ ν(Σ(0)X).
For later uses, we introduce Γ0 ⊂ Γ and δk(Γ) ∈ Q (k = 1, 2, 3) as follows.
Definition 4.4. For a subgroup Γ of SL(C3), define
(4.11) Γ0 := {g ∈ Γ∗; det(g − 1C3) 6= 0}.
Definition 4.5. Let Γ be a finite abelian subgroup of SL(C3) expressed as in (4.9).
If Γ0 = ∅, set δ1(Γ) = δ2(Γ) = δ3(Γ) = 0. If Γ0 6= ∅, set
(4.12) δk(Γ) :=
∑
g∈Γ0
χk(g)
(1− χk(g))2 (k = 1, 2, 3).
For a finite abelian subgroup Γ ⊂ SL(C3), set (C3)Γ∗ := ⋂γ∈Γ∗(C3)γ . To
understand the structure of ΣCλ in Section 4.5 below, we need the following:
Lemma 4.6. Let Γ ⊂ SL(C3) be a finite abelian subgroup expressed as in (4.9). If
(C3)Γ
∗
= {0} and Γ0 = ∅, then
Γ = {1, diag(−1,−1, 1), diag(−1, 1,−1), diag(1,−1,−1)}.
Proof. Since Γ0 = ∅, we get Γ = kerχ1 ∪ kerχ2 ∪ kerχ3. Thus we have Γ∗ =
(kerχ1)
∗ ∪ (kerχ2)∗ ∪ (kerχ3)∗. Since Γ∗ 6= (kerχk)∗ for all k ∈ {1, 2, 3} by the
condition (C3)Γ
∗
= {0}, we get (kerχl)∗∪(kerχm)∗ 6= ∅ for any l 6= m. This implies
(kerχl′)
∗ 6= ∅ and (kerχm′)∗ 6= ∅ for some l′ 6= m′. We may assume (kerχ1)∗ 6= ∅,
(kerχ2)
∗ 6= ∅. Take arbitrary elements g1 = diag(1, ζ, ζ−1) ∈ (kerχ1)∗ and g2 =
diag(ξ, 1, ξ−1) ∈ (kerχ2)∗, where ζ, ξ ∈ C∗ \ {1}. Since g1g2 = diag(ξ, ζ, ζ−1ξ−1) 6∈
kerχ1 ∪ kerχ2, we get ξ = ζ−1. Since g1g−12 = diag(ζ, ζ, ζ−2) 6∈ kerχ1 ∪ kerχ2, we
get ζ = −1. Since g1, g2 are arbitrary, we get (kerχ1)∗ = {diag(1,−1,−1)} and
(kerχ2)
∗ = {diag(−1, 1,−1)}. Since g1g2 ∈ (kerχ3)∗, we get (kerχ3)∗ 6= ∅. By
the same argument, we get (kerχ3)
∗ = {diag(−1,−1, 1)}. Since Γ∗ = (kerχ1)∗ ∪
(kerχ2)
∗ ∪ (kerχ3)∗, we get the result. 
After Lemma 4.6, we set
G := {1, diag(−1,−1, 1), diag(−1, 1,−1), diag(1,−1,−1)} ∼= (Z/2Z)⊕2.
In Section 4.5.1, we shall show that Gx = G iff x ∈
⋃
λ∈ΛΣCλ \ ν(Σ(0)X). Set
(4.13) Σ˜(0)X := Σ(0)X ∐ {(x, g) ∈ ΣX ; Gx = G}.
For x ∈ X , we set XG∗x := ⋂g∈G∗x Xg. Since Γ0 6= ∅ implies (C3)Γ∗ = {0} and since
the set germ (XG
∗
x , x) is either the point {x} or the union of some coordinate axes
Ck by (4.8), (4.9) when G
∗
x 6= ∅, we deduce from (4.13) and Lemma 4.6 that
(4.14) ν(Σ˜(0)X) = {x ∈ X ; dimxXG∗x = 0}
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under the convention dim ∅ = −∞. We set
X(1) := ∐λ∈ΛCλ, X(0) := ν(Σ˜(0)X),
where we consider their reduced structure. Then X(1) is the normalization of
ν(Σ(1)X). By (4.10), Cλ ∩ Cλ′ ⊂ X(0) for any λ 6= λ′. We set C0λ := Cλ \ X(0).
Since dimxX
G∗x ≤ 1 by (4.7) and since XG∗x 6= ∅ iff x ∈ ν(ΣX), we get by (4.14)
ν(Σ(1)X) \ ν(Σ˜(0)X) = ∐λ∈ΛC0λ = {x ∈ X ; dimxXG
∗
x = 1}.
In particular, ν(Σ(1)X) =
⋃
λ∈ΛCλ = {x ∈ X ; dimxXG∗x = 1}.
For Cλ, λ ∈ Λ, set
GCλ := {g ∈ G; g|Cλ = idCλ}.
Since GCλ is identified with its image in SL(NCλ/X), GCλ is isomorphic to a finite
abelian subgroup of SL(C2). Hence GCλ is cyclic.
Lemma 4.7. If x ∈ C0λ, then Gx = GCλ .
Proof. Let Γ ∼= Gx be as in (4.8), (4.9). Since dim(C3)Γ∗ = 1, (C3)Γ∗ is one of
the coordinate axis, say C1. Then (X
G∗x , x) ∼= (C1, 0) and χ1 ≡ 1, χ3 = χ−12 , so
that Γ ∼= Imχ2 = {diag(1, ζ, ζ−1); ζ ∈ Imχ2}. By this expression, Gx = 〈g〉 for
some g ∈ G and g|Cλ = idCλ , where (Cλ, x) = (C1, 0) via (4.8). Since g ∈ GCλ and
Gx = 〈g〉, we get Gx ⊂ GCλ . Since x ∈ Cλ, the inclusion Gx ⊃ GCλ is trivial. 
By (4.4) and Lemma 4.7, the fiber of the natural projection Σ(1)X → X(1) over
Cλ is given by G
∗
Cλ
.
4.3. Equivariant submersions and characteristic forms.
4.3.1. Set up. Let X and B ∼= ∆dimB be complex manifolds and let
f : X → B
be a holomorphic submersion such that Xb := f
−1(b) is a connected threefold. We
do not assume the properness of f . Hence both X and Xb can be non-compact.
Let G be a finite abelian group of automorphisms of X such that f : X → B
is G-equivariant with respect to the trivial G-action on B. Hence G preserves the
fibers of f : X → B. The order of g ∈ G is denoted by ng = ord(g).
Set Y := X/G, which is equipped with the projection induced from f
f : Y → B.
Then the fibers of f : Y → B are the orbifolds Yb := Xb/G, b ∈ B of dimension 3.
When X is an open subset of CdimB+3, f : Y → B is viewed as a local model of
holomorphic submersion of orbifolds of relative dimension 3. As in Section 4.2, we
assume that for all g ∈ G and x ∈ Xgb ,
(4.15) g∗ ∈ SL(TxXb) ∼= SL(C3).
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4.3.2. Some loci of X and Y and some subgroups of G. Since f : X → B is a
G-equivariant submersion, X g is a complex submanifold of X flat over B. For a
component Z of X g, f : Z → B is a holomorphic submersion with connected fiber.
Let X g,(k) be the union of all components of X g of relative dimension k. Then
ΣX = Σ(0)X ∐ Σ(1)X , Σ(k)X = ∐g∈G∗X g,(k) × {g}.
Since ΣX is a complex submanifold with G-action, we get the orbifolds
ΣY := ΣX/G, Σ(k)Y = Σ(k)X/G
such that ΣY = Σ(0)Y ∐Σ(1)Y. After (4.13), (4.14), we also introduce
Σ˜(0)X := {(x, g) ∈ X ×G∗; g ∈ G∗x, dimxXG
∗
x
f(x) = 0}, Σ˜(0)Y := Σ˜(0)X/G.
Let {Cλ}λ∈Λ be the set of irreducible components of ν(Σ(1)X ). Hence ν(Σ(1)X ) =⋃
λ∈Λ Cλ. For Cλ ⊂ ν(Σ(1)X ), set
GCλ := {g ∈ G; g|Cλ = idCλ}, ΓCλ := {g ∈ G; g(Cλ) = Cλ}
Then GCλ and ΓCλ are subgroups of G with GCλ ⊂ ΓCλ . Set
ΓCλ := ΓCλ/GCλ .
Since ΓCλ ⊂ Aut(Cλ), we define an orbifold of dimension dimB + 1 by
Cλ := Cλ/ΓCλ .
Since GCλ ⊂ SL(NCλ/X ) and since GCλ is abelian, GCλ is a cyclic group. We set
nλ := |GCλ |.
On the set Λ, G acts by Cg·λ := g · Cλ. Let Λ := Λ/G be the G-orbits of the
G-actions on Λ. Write λ¯ for the G-orbit G · λ. The preimage of λ¯ in Λ consists of
|G/ΓCλ | distinct points. We have
ν(Σ(1)X ) =
⋃
λ¯∈Λ
⋃
g∈G/ΓCλ
Cg·λ.
Since Cg·λ ∼= Cλ via the action of g ∈ G and hence Cg·λ = Cλ for all g ∈ G/ΓCλ , it
makes sense to define Cλ¯ := Cλ. Since
ν(Σ(1)X )/G = (
⋃
λ¯∈Λ
⋃
g∈G/ΓCλ
Cg·λ)/G =
⋃
λ¯∈Λ
Cλ/ΓCλ =
⋃
λ¯∈Λ
Cλ¯,
we have ν(Σ(1)Y) = ⋃λ¯∈Λ Cλ¯. Hence there is a one-to-one correspondence between
Λ and the components of SingY of dimension dimB + 1, i.e., ν(Σ(1)Y). We define
X (1) := ∐λ∈ΛCλ, Y(1) := ∐λ¯∈ΛCλ¯.
Then X (1) and Y(1) are the normalizations of ν(Σ(1)X ) and ν(Σ(1)Y), respectively.
In the same way as above, Y(1) = X (1)/G. Let p : Σ(1)X → X (1) be the projection.
By (4.4) and Lemma 4.7, p−1(x) = {g ∈ G∗; Cλ ⊂ X g} = G∗Cλ for any x ∈ Cλ.
Set
X (0) := ν(Σ˜(0)X ), Y(0) := ν(Σ˜(0)Y) = X (0)/G.
For a component p of X (0), let p ⊂ Y(0) be its image by the projection X → Y.
Then p is identified with the G-orbit of p. Since B is contractible, p (resp. p) is a
section of f : X → B (resp. f : Y → B) by the G-equivariance of f . We set
Gp := {g ∈ G; p ⊂ X g} = {g ∈ G; g|p = idp}.
ANALYTIC TORSION FOR BORCEA-VOISIN THREEFOLDS 37
Then the preimage of p in X (0) consists of |G/Gp| distinct points.
4.3.3. Some vector bundles and their characteristic forms. Let g ∈ G. Let ΘX/B
(resp. ΘX g/B) be the relative holomorphic tangent bundle of the family f : X → B
(resp. f : X g → B). Let Ω1X/B (resp. Ω1X g/B) be the vector bundle of relative
Ka¨hler differentials of the family f : X → B (resp. f : X g → B). Let NX g/X (resp.
N∗X g/X ) be the normal (resp. conormal) bundle of X g in X . We have
rk(ΘX g,(k)/B) = rk(Ω
1
X g,(k)/B) = k, rk(NX g,(k)/X ) = rk(N
∗
X g,(k)/X ) = 3− k.
Since ΘX g/B (resp. NX g/X ) is the (resp. union of) eigenbundle(s) of ΘX/B|X g with
respect to the g-action corresponding to the eigenvalue 1 (resp. 6= 1), we get
(4.16) ΘX/B|X g = ΘX g/B ⊕NX g/X .
Similarly, we have the splitting
(4.17) Ω1X/B|X g = Ω1X g/B ⊕N∗X g/X .
Lemma 4.8. The eigenvalues of the g-action on NX g/X |X g,(1) are of the form
{exp(2πik/ng), exp(−2πik/ng)}, (ng, k) = 1,
where k ∈ {1, . . . , ng − 1} may depend on the component of X g,(1).
Proof. For simplicity, write n for ng. Set ζn := exp(2πi/n). Since g has order n
and g ∈ SL(NX g/X |X g,(1)), its eigenvalues are of the form {ζkn, ζ−kn }, 0 ≤ k < n.
Assume gm = 1 on NX g/X |X g,(1) for some 1 ≤ m < n. Since gm = 1 on ΘX |X g,(1) ,
we get gm = 1 on X , so that m = nl for some l ∈ Z. This contradicts the choice of
m. Hence gm 6= 1 on NX g/X |X g,(1) for any 1 ≤ m < n, which implies (n, k) = 1. 
Let hX/B be a G-invariant Hermitian metric on ΘX/B, which is fiberwise Ka¨hler.
The vector bundles ΘX g/B, Ω
p
X/B, Ω
p
X g/B, NX g/X , N
∗
X g/X are equipped with the
Hermitian metrics induced from hX/B, which are denoted by hX g/B, hΩp
X/B
, hΩp
Xg/B
,
hNXg/X , hN∗Xg/X , respectively. Then the splittings (4.16), (4.17) are orthogonal with
respect to the metrics hX/B and hΩ1
X/B
, respectively.
In what follows, we write ck(X/B), ck(X g/B), ck(ΩpX/B), ck(ΩpX g/B), ck(NX g/X ),
ck(N
∗
X g/X ) for the k-th Chern forms of (ΘX/B, hX/B), (ΘX g/B, hX g/B), (Ω
p
X/B, hΩpX/B ),
(ΩpX ι/B, hΩpXι/B), (NX g/X , hNXg/X ), (N
∗
X g/X , hN∗Xg/X ), respectively. We have the
following standard relations of Chern forms:
(4.18) c1(X/B)|X g = c1(X g/B) + c1(NX g/X ),
(4.19) c1(Ω
1
X/B) = −c1(X/B), c1(Ω1X g/B) = −c1(X g/B),
(4.20) c1(N
∗
X g/X ) = −c1(NX g/X ), c2(N∗X g/X ) = c2(NX g/X ).
Lemma 4.9. The following equality of differential forms on X holds:
[Td(ΘX/B, hX/B)
∑
p≥0
(−1)pp ch(ΩpX/B, hΩpX/B )]
(8) = − 1
12
c1(X/B)c3(X/B).
Proof. See [3, p.374]. 
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4.3.4. An equivariant characteristic form: case of relative dimension 1. Let C be a
component of X (1). Let g ∈ G∗C . Then ng|nC . By Lemma 4.8, there exists kg with
(kg, ng) = 1 such that the g-action on NC/X induces the splitting
NC/X = NC/X (θ)⊕NC/X (−θ), θ = 2kgπ
ng
.
We have the corresponding splitting
N∗C/X = N
∗
C/X (θ) ⊕N∗C/X (−θ)
such that
(4.21) N∗C/X (θ) = (NC/X (−θ))∗, N∗C/X (−θ) = (NC/X (θ))∗.
Set
l1 := c1(NC/X (θ), hNC/X (θ)), l2 := c1(NC/X (−θ), hNC/X (−θ)).
By (4.18), we get
(4.22) l1 + l2 = c1(NC/X , hNC/X ) = c1(X/B)|C − c1(C/B).
By (4.21), we get
(4.23) c1(N
∗
C/X (θ), hNC/X (θ)) = −l2, c1(N∗C/X (−θ), hNC/X (−θ)) = −l1.
Lemma 4.10. For g ∈ G∗C, set
ζg := e
iθ.
Then the following equality of (2, 2)-forms on C holds:
[Tdg(ΘX/B, hX/B)
∑
p≥0
(−1)pp chg(ΩpX/B, hΩpX/B )|C ]
(2,2)
=
ζg
(1 − ζg)2 c1(X/B)c1(C/B)−
{
1
12
+
ζg
(1− ζg)2
}
c1(C/B)2.
Proof. By the definition of equivariant Todd form and (4.23), we get
(4.24)
Tdg(ΘX/B, hX/B)|C = Td(ΘX g/B, hX g/B)|C · 1
1− ζ−1g e−l1
· 1
1− ζge−l2
=
Td(ΘX g/B, hX g/B)|C∑
p≥0(−1)pchg(ΛpN∗C/X , hΛpN∗C/X )
.
Here hΛpN∗
C/X
is the Hermitian metric on ΛpN∗C/X induced by hNC/X . By (4.24)
and Maillot-Ro¨ssler [25, Lemma 3.1], we get
(4.25)
[Tdg(ΘX/B, hX/B)
∑
q≥0
(−1)qq chg(ΩqX/B, hΩqX/B )|C ]
(2,2)
=
[
Td(ΘX g/B, hX g/B)|C
∑
q≥0(−1)qq chg(ΩqX/B, hΩqX/B )|C∑
p≥0(−1)pchg(ΛpN∗C/X , hΛpN∗C/X )
](2,2)
= −c1(C/B) ∧ [ζL(ζg,−1) e−l2 + ζL(ζ−1g ,−1) e−l1 + ζQ(−1) e−c1(C/B)](1,1)
= c1(C/B) ∧
{
ζL(ζg,−1)l2 + ζL(ζ−1g ,−1)l1 + ζQ(−1) c1(C/B)
}
,
where ζL(z, s) =
∑
n≥1 z
n/ns is the Lerch ζ-function and ζQ(s) is the Riemann
ζ-function. Substituting ζL(ζg ,−1) = ζL(ζ−1g ,−1) = ζg/(1 − ζg)2 (cf. [25, p.744])
and ζQ(−1) = −1/12 into (4.25) and using (4.22), we get the result. 
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4.3.5. An equivariant characteristic form: case of relative dimension 0. Let p ⊂
X (0) be a component. Since B ∼= ∆dimB is contractible,
p : B ∋ b→ p ∩Xb ∈ Xb
is viewed as a section of the map f : X → B. As in (4.9), we can express
Gp = {diag(χp,1(g), χp,2(g), χp,3(g)); g ∈ Gp}, χp,k ∈ Hom(Gp,C∗).
Then the normal bundle Np/X splits into the eigenbundles of the Gp-action
Np/X = Np/X (χp,1)⊕Np/X (χp,2)⊕Np/X (χp,3).
We get the corresponding splitting of the conormal bundle N∗p/X
N∗p/X = N
∗
p/X (χ
−1
p,1)⊕N∗p/X (χ−1p,2)⊕N∗p/X (χ−1p,3)
such that N∗
p/X (χ
−1
p,k) = (Np/X (χp,k))
∗. For k = 1, 2, 3, set
(4.26) ρp,k := c1(Np/X (χp,k), hNp/X (χp,k)),
where hNp/X (χp,k) := hNp/X |Np/X (χp,k). Then we have the following relations
c1(N
∗
p/X (χ
−1
p,k), hN∗
p/X
(χ−1
p,k)
) = −ρp,k,
(4.27) ρp,1 + ρp,2 + ρp,3 = c1(Np/X , hNp/X ) = c1(X/B)|p.
Lemma 4.11. (1) For g ∈ G0p, the following equality of (1, 1)-forms on p holds:
[Tdg(ΘX/B, hX/B)
∑
p≥0
(−1)pp chg(ΩpX/B, hΩpX/B )|p]
(1,1) =
3∑
k=1
χp,k(g)
(1 − χp,k(g))2 ρp,k.
(2) For any component p ⊂ X (0), one has
[
∑
g∈G0
p
Tdg(ΘX/B, hX/B)
∑
p≥0
(−1)pp chg(ΩpX/B, hΩpX/B )|p]
(1,1) =
3∑
k=1
δk(Gp) ρp,k.
Proof. (1) Set ζk := χp,k(g). By the definition of equivariant Todd form,
Tdg(ΘX/B, hX/B)|p =
3∏
k=1
1
1− ζ−1k e−ρp,k
=
1∑
p≥0(−1)pchg(ΛpN∗p/X , hΛpN∗p/X )
.
By [25, Lemma 3.1], we get
[Tdg(ΘX/B, hX/B)
∑
p≥0
(−1)pp chg(ΩpX/B, hΩpX/B )|p]
(1,1)
=
[ ∑
p≥0(−1)pp chg(ΩpX/B, hΩpX/B )|p∑
p≥0(−1)pchg(ΛpN∗p/X , hΛpN∗p/X )
](1,1)
= −
3∑
k=1
ζL(ζ
−1
k ,−1) e−ρp,k .
Since ζL(ζ
−1
k ,−1) = ζk/(1− ζk)2, we get the desired equality.
(2) When G0p 6= ∅, the assertion follows from (1). When G0p = ∅, the assertion
also holds because we defined δk(Gp) = 0 (k = 1, 2, 3) in this case. 
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4.4. An orbifold characteristic forms on Y ∐ Y(1) ∐ Y(0). Let
π : X → Y, πλ : Cλ → Cλ¯ (λ ∈ Λ), πp : p→ p (p ⊂ X (0))
be the projections. Let (E, h) be a G-equivariant holomorphic vector bundle on X
with G-invariant Hermitian metric. Then φΣ(E, h) is a form on Y ∐ ΣY. Let
Π : Y ∐ ΣY → Y ∐ Y(1) ∐ Y(0)
be the projection. Then Π∗φ
Σ(E, h) ∈ A∗(Y ∐ Y(1) ∐ Y(0)). Since
(4.28) X g = (∐{λ∈Λ; g∈G∗Cλ}Cλ) ∐ (∐{p⊂ν(Σ(0)X );g∈G0p}{p})
for any g ∈ G∗, it follows from (4.6), (4.28) that
Π∗φ
Σ(E, h) =
1
|G|π∗φ(E, h) +
1
|G|
∑
g∈G∗
∑
{λ∈Λ; g∈G∗Cλ
}
(πλ)∗(φg(E, h)|Cλ)
+
1
|G|
∑
g∈G∗
∑
{p⊂ν(Σ(0)X ); g∈G0
p
}
(πp)∗(φg(E, h)|p).
Since G0p = ∅ when Gp = G, we get (πp)∗(φg(E, h)|p) = 0 in this case and hence
(4.29)
Π∗φ
Σ(E, h) =
1
|G|π∗φ(E, h) +
1
|G|
∑
λ∈Λ
∑
g∈G∗Cλ
(πλ)∗(φg(E, h)|Cλ)
+
1
|G|
∑
p⊂X (0)
∑
g∈G0
p
(πp)∗(φg(E, h)|p).
By (4.29), we get
(4.30)
Π∗Td
Σ(ΘY/B, hY/B)
∑
p≥0
(−1)pp chΣ(ΩpY/B, hΩpY/B)
=
1
|G|π∗{Td(ΘX/B, hX/B)
∑
p≥0
(−1)pp ch(ΩpX/B, hΩpX/B )}
+
1
|G|
∑
λ∈Λ
∑
g∈G∗Cλ
(πλ)∗{Tdg(ΘX/B, hX/B)
∑
p≥0
(−1)pp chg(ΩpX/B, hΩpX/B )|Cλ}
+
1
|G|
∑
p⊂X (0)
∑
g∈G0
p
(πp)∗{Tdg(ΘX/B, hX/B)
∑
p≥0
(−1)pp chg(ΩpX/B, hΩpX/B )|p}.
Since the projection πp : p → p is an isomorphism, we identify the (1, 1)-form
ρp,k with (πp)∗(ρp,k). For p ⊂ Y(0) and k ∈ {1, 2, 3}, we set
ρp,k := (πp)∗(ρp,k).
Then ρp,k is a smooth (1, 1)-form on p. Here p is not viewed as an orbifold (of
multiplicity |Gp|) but the complex manifold underlying it isomorphic to B. If
p, p′ ∈ X (0) lie on the same G-orbit, we have ρp,k = ρp′,k.
Definition 4.12. For a differential form ω on Y ∐ Y(1) ∐ Y(0), [ω]2 dim f∗+(p,p) is
the differential form on Y ∐ Y(1) ∐ Y(0) defined as
[ω]2 dim f∗+(p,p) := [ω|Y ](p+3,p+3) +
∑
λ¯∈Λ
[ω|Cλ¯ ]
(p+1,p+1) +
∑
p⊂Y(0)
[ω|p](p,p).
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Proposition 4.13. The following equality of forms on Y ∐ Y(1) ∐ Y(0) holds
[Π∗{TdΣ(ΘY/B, hY/B)
∑
p≥0
(−1)pp chΣ(ΩpY/B , hΩpY/B)}]
2 dim f∗+(1,1)
= − 1
12
c1(Y/B)c3(Y/B)− 1
12
∑
λ¯∈Λ
n2λ − 1
nλ
c1(Y/B)c1(Cλ/B)|Cλ¯
+
1
12
∑
λ¯∈Λ
(nλ − 1) c1(Cλ/B)2|Cλ¯ +
∑
p⊂Y(0)
3∑
k=1
δk(Gp)
|Gp| ρp,k.
Proof. Substituting the equalities in Lemmas 4.9, 4.10, 4.11 into the right hand
side of (4.30), we get
(4.31)
[Π∗{TdΣ(ΘY/B, hY/B)
∑
p≥0
(−1)pp chΣ(ΩpY/B , hΩpY/B)}]
2 dim f∗+(1,1) =
− 1
12|G|π∗{c1(X/B)c3(X/B)} +
1
|G|
∑
λ∈Λ
∑
g∈G∗Cλ
ζg
(1− ζg)2 (πλ)∗{c1(X/B)c1(Cλ/B)}
− 1|G|
∑
λ∈Λ
(
∑
g∈G∗Cλ
{
1
12
+
ζg
(1− ζg)2
}
)(πλ)∗{c1(Cλ/B)2}+
∑
p⊂X (0)
3∑
k=1
δk(Gp)
|G| (πp)∗ρp,k.
Recall the following classical formula for the Dedekind sum
(4.32)
n−1∑
k=1
ζk
(1− ζk)2 = −
n2 − 1
12
, ζ = exp(2πim/n), (m,n) = 1.
Since GCλ is a cyclic group of order nλ, we get by (4.31), (4.32)
(4.33)
[TdΣ(ΘY/B, hY/B)
∑
p≥0
(−1)pp chΣ(ΩpY/B , hΩpY/B)]
2 dim f∗+(1,1)
= − 1
12|G|π∗{c1(X/B)c3(X/B)} −
1
12|G|
∑
λ∈Λ
(n2λ − 1)(πλ)∗{c1(X/B)c1(Cλ/B)}
+
1
12|G|
∑
λ∈Λ
(
n2λ − nλ
)
(πλ)∗{c1(Cλ/B)2}+
∑
p⊂X (0)
3∑
k=1
δk(Gp)
|G| ρp¯,k.
Some terms in the right hand side of (4.33) are calculated as follows:
(4.34)
∑
λ∈Λ
(n2λ − 1)(πλ)∗{c1(X/B)c1(Cλ/B)}
=
∑
λ¯∈Λ
(n2λ − 1)
∑
g∈G/ΓCλ
(πλ)∗{c1(X/B)c1(Cg·λ/B)}
=
∑
λ¯∈Λ
(n2λ − 1) · |G/ΓCλ | · deg πλ · c1(Y/B)c1(Cλ¯/B)
= |G|
∑
λ¯∈Λ
n2λ − 1
nλ
c1(Y/B)c1(Cλ¯/B),
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(4.35)∑
λ∈Λ
(n2λ − nλ)(πλ)∗{c1(Cλ/B)2} =
∑
λ¯∈Λ
(n2λ − nλ)
∑
g∈G/ΓCλ
(πλ)∗{c1(Cg·λ/B)2}
=
∑
λ¯∈Λ
(n2λ − nλ) · |G/ΓCλ | · deg πλ · c1(Cλ¯/B)2 = |G|
∑
λ¯∈Λ
(nλ − 1) c1(Cλ¯/B)2,
(4.36)∑
p⊂X (0)
3∑
k=1
δk(Gp)ρp¯,k =
∑
p⊂Y(0)
|G/Gp|
3∑
k=1
δk(Gp)ρp¯,k = |G|
∑
p⊂Y(0)
3∑
k=1
δk(Gp)
|Gp| ρp,k
where we used deg πλ = |ΓCλ | = |ΓCλ/GCλ | to get (4.34), (4.35). Substituting the
equality π∗{c1(X/B)c3(X/B)} = |G| · c1(Y/B)c3(Y/B) and (4.34), (4.35), (4.36)
into (4.33), we get the result. 
4.5. An orbifold characteristic form on Cλ¯∐ΣCλ¯. The relative tangent bundle
ΘCλ¯/B of the map f : Cλ¯ → B is equipped with the Hermitian metric hCλ¯/B induced
from hX/B. As before, the Chern form c1(Cλ¯/B, hCλ¯/B) is denoted by c1(Cλ¯/B).
4.5.1. The structure of ΣCλ. Let b ∈ B. In Section 4.5.1, for the sake of simplicity,
we write Cλ and X for Cb,λ and Xb, respectively. Let q ∈ Cλ. Then GCλ = GCλ ⊂
Gq. Write (ΓCλ)q for the stabilizer of q in ΓCλ . By definition,
(4.37) (ΓCλ)q = (ΓCλ ∩Gq)/GCλ .
By (4.9), there is a coordinate neighborhood (U, (z1, z2, z3)) of X centered at q such
that Gq = {diag(χ1(g), χ2(g), χ3(g)); g ∈ Gq} ⊂ SL(C3), where χi ∈ Hom(Gq,C∗)
and χ1χ2χ3 = 1. A system of coordinates with this property is said to be normal.
Let g0 ∈ GCλ be a generator. Since GCλ ⊂ Gq and dimCλ = 1, we have the
following in the normal coordinates (U, (z1, z2, z3)) centered at q:
(a) Cλ is given by the eigenspace of diag(χ1(g0), χ2(g0), χ3(g0)) corresponding
to the eigenvalue 1.
(b) There exists kλ ∈ {1, 2, 3} such that χkλ(g0) = 1, χlλ(g0) 6= 1, χmλ(g0) 6= 1,
where {kλ, lλ,mλ} = {1, 2, 3}.
(c) The germ (Cλ)q is given by the coordinate axis Ckλ = {zlλ = zmλ = 0}.
Since every element of Gq is of the form diag(χ1(g), χ2(g), χ3(g)) and hence Gq
preserves all the coordinate axes of the normal coordinates, we get
(4.38) Gq ⊂ ΓCλ .
By (4.37), (4.38), we get
(4.39) (ΓCλ)q = Gq/GCλ .
With respect to the ΓCλ-action on Cλ, we consider the set ΣCλ as in Section 4.1.2.
By definition, ΣCλ = {(q, g) ∈ Cλ × (ΓCλ)∗; g ∈ (ΓCλ)∗q}.
Proposition 4.14. One has ν(ΣCλ) = Cλ ∩X(0).
Proof. Let q ∈ ΣCλ. Let (z1, z2, z3) be normal coordinates of X centered at q satis-
fying (a), (b), (c). We may assume kλ = 3. By (a), (c), g0 = diag(χ1(g0), χ1(g0)
−1, 1)
and (Cλ)q = {z1 = z2 = 0}. Since (ΓCλ)q 6= {1}, we can take g ∈ Gq \ GCλ . If
χ3(g) = 1, then g acts trivially on (Cλ)q, so that g ∈ GCλ . This contradicts the
choice of g. Thus χ3(g) 6= 1. Since Gq contains g = diag(χ1(g), χ2(g), χ3(g))
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and g0 = diag(χ1(g0), χ1(g0)
−1, 1) ∈ G∗Cλ with χ3(g) 6= 1 and χ1(g0) 6= 1, we get
XG
∗
q ⊂ Xg ∩Xg0 = {q} near q. Hence XG∗q = {q}. By (4.14), we get q ∈ X(0).
Conversely, let q ∈ Cλ∩X(0). Let (z1, z2, z3) be normal coordinates ofX centered
at q satisfying (a), (b), (c) and assume kλ = 3. Hence Cλ is the x3-axis. Since
g = diag(χ1(g), χ2(g), χ3(g)) for all g ∈ Gq, we have GCλ = kerχ3. Then we get
(ΓCλ)q
∼= Imχ3 by (4.39). If Imχ3 = {1}, then Gq = kerχ3 = GCλ , so that
XG
∗
q ⊃ Cλ. By comparing (4.14), this contradicts q ∈ X(0). Thus (ΓCλ)q 6= {1}
and hence q ∈ ΣCλ. 
Corollary 4.15. Let x ∈ X. Then Gx = G iff x ∈
⋃
λ∈Λ ν(ΣCλ) \ ν(Σ(0)X).
Proof. By Proposition 4.14,
⋃
λ∈Λ ν(ΣCλ) \ ν(Σ(0)X) =
⋃
λ∈Λ Cλ ∩ ν(Σ˜(0)X) \
ν(Σ(0)X) =
⋃
λ∈Λ{x ∈ Cλ; Gx = G} = {x ∈ X ; Gx = G}, because the condition
Gx = G implies x ∈ Cλ for some λ ∈ Λ. 
By (4.14) and Corollary 4.15, we have
X (0) = ν(Σ(0)X ) ∪
⋃
λ∈Λ
ν(ΣCλ), Y(0) = ν(Σ(0)Y) ∪
⋃
λ¯∈Λ
ν(ΣCλ¯).
4.5.2. Eigenbundle of Np/X and the locus ΣX (1). Let p ⊂ X (0) be a component.
Choosing B small, we identify a small tubular neighborhood of p in X with a
neighborhood of the zero section of Np/X . Let us fix a system of fiber coordinates
of Np/X , which is fiberwise normal. Hence Gp ⊂ SL(Np/X ) is expressed as
(4.40) Gp = {diag(χp,1(g), χp,2(g), χp,3(g)); g ∈ Gp}, χp,1χp,2χp,3 = 1
in this system of fiber coordinates, where χp,k ∈ Hom(Gp,C∗). We set
(4.41) np,k := | kerχp,k|, νp,k := |Imχp,k|.
Let Cp,1, Cp,2, Cp,3 be the germs at p of the coordinate axes in the normal coordi-
nates. Since Cp,k is linear, we identify it with Np/X (χp,k), the eigenbundle of Np/X
corresponding to the character χp,k. We set GCp,k := {g ∈ G; g|Cp,k = idCp,k}. By
(4.40), we get
(4.42) GCp,k = kerχp,k.
Since TCp,k/B = Np/X (χp,k), we get by (4.26)
(4.43) c1(Cp,k/B) = c1(Np/X (χp,k)) = ρp,k (k = 1, 2, 3).
By (4.10), for any p ∈ X (0) and k ∈ {1, 2, 3}, we have the following:
(4.44) Cp,k ⊂ X (1) ⇐⇒ np,k > 1, Cp,k 6⊂ X (1) ⇐⇒ np,k = 1.
Let us consider the case p ⊂ Cλ ⊂ X (1), where Cλ is a component of X (1). By
(c) in Section 4.5.1, there exists kλ ∈ {1, 2, 3} such that Cλ = Cp,kλ as germs at p.
Then we have GCλ = GCp,kλ and hence GCλ = kerχp,kλ by (4.42). If Cλ = Cp,kλ as
germs at p, we write
χp,λ := χp,kλ , np,λ := np,kλ , νp,λ := νp,kλ .
Since nλ = |GCλ | = | kerχp,kλ | = np,kλ in this case, we get by (4.43), (4.44) the
following key identity: For any p ⊂ X (0), one has
(4.45)
∑
{λ∈Λ; Cλ⊃p}
(nλ − 1)(ν2p,λ − 1)
νp,λ
c1(Cλ/B)|p =
3∑
k=1
(np,k − 1)(ν2p,k − 1)
νp,k
ρp,k.
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4.5.3. The orbifold Todd form of the family f : Cλ¯ → B. As in Section 4.1.2, we set
ΣCλ¯ := ΣCλ/ΓCλ , C(0)λ := ν(ΣCλ), C
(0)
λ := ν(ΣCλ¯).
By Proposition 4.14, we have
(4.46) C(0)λ = Cλ ∩ X (0), C
(0)
λ¯ = Cλ¯ ∩ Y(0).
By (4.5), TdΣ(Cλ¯/B, hCλ¯/B) is a form on Cλ¯ ∐ΣCλ¯. As in Section 4.4, let
Π : Cλ¯ ∐ΣCλ¯ → Cλ¯ ∐ C
(0)
λ¯
be the projection. Then
(4.47)
Π∗Td
Σ(Cλ¯/B, hCλ¯/B) =
1
|ΓCλ |
(πλ)∗Td(TCλ/B, hCλ/B)
+
1
|ΓCλ |
∑
p⊂C
(0)
λ
∑
g∈(ΓCλ )
∗
p
(πp)∗Tdg(TCλ/B, hCλ/B).
We define the differential form [Π∗Td
Σ(Cλ¯/B, hCλ¯/B)]2 dim f∗+(1,1) on Cλ¯ ∐ C
(0)
λ¯ in
the same way as in Definition 4.12.
Proposition 4.16. The following equality of forms on Cλ¯ ∐ C
(0)
λ¯ holds:
[Π∗Td
Σ(Cλ¯/B, hCλ¯/B)]
2 dim f∗+(1,1) =
1
12
c1(Cλ¯/B)2+
1
12
∑
p⊂C
(0)
λ¯
ν2p,λ − 1
νp,λ
c1(Cλ¯/B)|p.
Proof. Let p ⊂ C(0)λ and express Gp as in (4.40). As in Section 4.5.2, we have
Cλ = Cp,kλ for some kλ ∈ {1, 2, 3} as germs at p. Since GCλ = GCp,kλ in this case,
it follows from (4.39), (4.42) that the (ΓCλ)p-action on the germ Cλ at p is given by
the homomorphism χp,λ = χp,kλ . Hence we have
(4.48) (ΓCλ)p
∼= Imχp,λ ⊂ C∗, GCλ = kerχp,λ.
By the definition of equivariant Todd form and (4.32), (4.48), we get
(4.49)
∑
g∈(ΓCλ )
∗
p
Tdg(TCλ/B, hCλ/B)|p = −
∑
ζ∈(Imχp,λ)∗
ζ
(ζ − 1)2 c1(Cλ/B)|p
=
ν2p,λ − 1
12
c1(Cλ/B)|p,
where we used |Imχp,λ| = |Imχp,kλ | = νp,λ. By (4.47) and (4.49), we get
(4.50)
[Π∗Td
Σ(Cλ¯/B, hCλ¯/B)]
2 dim f∗+(1,1)
=
1
12|ΓCλ |
(πλ)∗c1(Cλ/B)2 +
∑
p⊂C
(0)
λ
ν2p,λ − 1
12|ΓCλ |
(πp)∗c1(Cλ/B)|p
=
1
12
c1(Cλ¯/B)2 +
∑
p⊂C
(0)
λ¯
|ΓCλ/(ΓCλ)p|
ν2p,λ − 1
12|ΓCλ |
c1(Cλ¯/B)|p.
Since νp,λ = |(ΓCλ)p|, the result follows from (4.50). 
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Proposition 4.17. The following equality of forms on Cλ¯ ∐ C
(0)
λ¯ holds:∑
λ¯∈Λ
(nλ − 1) [Π∗TdΣ(Cλ¯/B, hCλ¯/B)]
2 dim f∗+(1,1)
=
1
12
∑
λ¯∈Λ
(nλ − 1) c1(Cλ¯/B)2 +
1
12
∑
p⊂Y(0)
3∑
k=1
(np,k − 1)(ν2p,k − 1)
νp,k
ρp,k.
Proof. By Proposition 4.16, the result follows from the following equality∑
λ¯∈Λ
(nλ − 1)
∑
p⊂C
(0)
λ¯
ν2p,λ − 1
νp,λ
c1(Cλ¯/B)|p =
∑
λ¯∈Λ
∑
p⊂Cλ¯∩Y
(0)
(nλ − 1)(ν2p,λ − 1)
νp,λ
c1(Cλ¯/B)|p
=
∑
p⊂Y(0)
∑
Cλ¯⊃p
(nλ − 1)(ν2p,λ − 1)
νp,λ
c1(Cλ¯/B)|p =
∑
p⊂Y(0)
3∑
k=1
(np,k − 1)(ν2p,k − 1)
νp,k
ρp,k,
where the first equality follows from (4.46) and the third equality follows from
(4.45). This completes the proof. 
4.6. A number associated to a finite abelian subgroup of SL(C3). Let Γ ⊂
SL(C3) be a finite abelian subgroup and consider its expression (4.9). Recall that
Γ0 and δk(Γ) were introduced in Definitions 4.4 and 4.5. We define
(4.51) ǫk(Γ) :=
δk(Γ)
|Γ| −
(| kerχk| − 1)(|Imχk|2 − 1)
12|Imχk| (k = 1, 2, 3).
Proposition 4.18. If (C3)Γ
∗
= {0}, then
(4.52) ǫ1(Γ) = ǫ2(Γ) = ǫ3(Γ) = − 1
12|Γ|
{
|Γ|2 + 2−
3∑
k=1
| kerχk|2
}
.
Proof. Assume Γ0 6= ∅. For simplicity, we put νk = |Imχk| and nk = | kerχk|.
(Step 1) Firstly, we prove kerχk ∩kerχl = {1} for k 6= l. Let g ∈ kerχk ∩kerχl
(k 6= l) and let {m} = {1, 2, 3} \ {k, l}. Since χm = χ−1k χ−1l , we get g ∈ kerχm.
Hence g ∈ kerχ1 ∩ kerχ2 ∩ kerχ3. Since kerχ1 ∩ kerχ2 ∩ kerχ3 = {1} by (4.9), we
get kerχk ∩ kerχl = {1} for k 6= l. As a result, (kerχk)∗ ∩ (kerχl)∗ = ∅ for k 6= l.
Since Γ0 = Γ \ (kerχ1 ∪ kerχ2 ∪ kerχ3), we get
Γ0 = Γ∗ \ {(kerχ1)∗ ∐ (kerχ2)∗ ∐ (kerχ3)∗},
which yields the following equality for k = 1, 2, 3
(4.53) δk(Γ) =
∑
g∈Γ\kerχk
χk(g)
(χk(g)− 1)2 −
∑
l 6=k
∑
g∈(kerχl)∗
χk(g)
(χk(g)− 1)2 .
(Step 2) Since χk : Γ→ C∗ is a homomorphism, we get by (4.32)
(4.54)
∑
g∈Γ\kerχk
χk(g)
(χk(g)− 1)2 = | kerχk| ·
∑
ζ∈(Imχk)∗
ζ
(ζ − 1)2 = −
1
12
nk(ν
2
k − 1).
Since kerχk ∩ kerχl = {1} for l 6= k, the homomorphism χk : kerχl → C∗ is
injective in this case. Hence, when k 6= l, χk(kerχl) ⊂ C∗ is a subgroup of order
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nl, which implies χk(kerχl) = {ζ ∈ C∗; ζnl = 1}. By (4.32), we get for l 6= k
(4.55)∑
g∈(kerχl)∗
χk(g)
(χk(g)− 1)2 =
∑
ζ∈χk(kerχl)\{1}
ζ
(ζ − 1)2 =
∑
ζnl=1, ζ 6=1
ζ
(ζ − 1)2 = −
n2l − 1
12
.
Substituting (4.54) and (4.55) into (4.53), we get
(4.56) δk(Γ) = − 1
12
{nk(ν2k − 1) + 2−
∑
l 6=k
n2l }.
By (4.51), (4.56) and nkνk = |Γ|, we get ǫk(Γ) = −(|Γ|2+2−
∑3
k=1 n
2
k)/12|Γ|. This
proves the result when Γ0 6= ∅.
(Step 3) Let us prove the remaining case. We assume Γ0 = ∅. By Lemma 4.6,
we can verify (4.52) in the case Γ0 = ∅ and (C3)Γ∗ = {0}, where ǫ1(Γ) = ǫ2(Γ) =
ǫ3(Γ) = −1/8. This completes the proof. 
Definition 4.19. For a finite abelian subgroup Γ ⊂ SL(C3) with (C3)Γ∗ = {0},
define
ǫ(Γ) := − 1
12|Γ|
{
|Γ|2 + 2−
3∑
k=1
| kerχk|2
}
.
4.7. A formula for an orbifold characteristic form on Y ∐ Y(1) ∐ Y(0).
Theorem 4.20. The following equality of forms on Y ∐ Y(1) ∐ Y(0) holds
[Π∗Td
Σ(ΘY/B , hY/B)
∑
p≥0
(−1)pp chΣ(ΩpY/B, hΩpY/B)]
2 dim f∗+(1,1)
−
∑
λ¯∈Λ
(nλ − 1) [Π∗TdΣ(Cλ¯/B, hCλ¯/B)]
2 dim f∗+(1,1)
= − 1
12
c1(Y/B)c3(Y/B)− 1
12
∑
λ¯∈Λ
n2λ − 1
nλ
{c1(Y/B)c1(Cλ¯/B)}|Cλ¯
+
∑
p⊂Y(0)
ǫ(Gp) c1(Y/B)|p.
Proof. By Propositions 4.13 and 4.17, we get
(4.57)
[Π∗Td
Σ(ΘY/B , hY/B)
∑
p≥0
(−1)pp chΣ(ΩpY/B, hΩpY/B )]
2 dim f∗+(1,1)
−
∑
λ¯∈Λ
(nλ − 1) [Π∗TdΣ(Cλ¯/B, hCλ¯/B)]
2 dim f∗+(1,1)
= − 1
12
c1(Y/B)c3(Y/B)− 1
12
∑
λ¯∈Λ
n2λ − 1
nλ
{c1(Y/B)c1(Cλ¯/B)}|Cλ¯
+
∑
p⊂Y(0)
3∑
k=1
{
δk(Gp)
|Gp| −
(np,k − 1)(ν2p,k − 1)
12νp,k
}
ρp,k.
Substituting ǫk(Gp) = ǫ(Gp) (k = 1, 2, 3) and
∑3
k=1 ρp,k = c1(Y/B)|p into (4.57),
we get the result. 
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5. Equivariant BCOV torsion and its curvature
5.1. Equivariant analytic torsion. Following Bismut [4], we recall equivariant
analytic torsion. Let (X, gX) be a compact Ka¨hler manifold. Let G be a finite group
of automorphisms of (X, gX). We write Ĝ for the set of irreducible representations
of G. The character of W ∈ Ĝ is denoted by χW . Since the G-action on X is
holomorphic, G acts on Ap,q(X).
Let p,q = (∂¯+ ∂¯
∗)2 be the Laplacian of (X, gX) acting on A
p,q(X). Let σ(p,q)
be the spectrum of p,q and let E(p,q;λ) be the eigenspace of p,q corresponding
to the eigenvalue λ ∈ σ(p,q). Since G preserves gX and hence G acts on E(p,q;λ),
we get the orthogonal splitting
E(p,q;λ) =
⊕
W∈Ĝ
HomG(W,E(p,q;λ)) ⊗W.
Define the equivariant ζ-function of p,q as
ζp,q;G(s)(g) :=
∑
λ∈σ(p,q)\{0}
λ−s Tr
[
g|E(p,q;λ)
]
=
∑
λ∈σ(p,q)\{0}
λ−s
∑
W∈Ĝ
χW (g) dimHomG(W,E(p,q;λ)).
It is classical that ζp,q;G(s)(g) converges absolutely on the half-plane ℜs > dimX ,
extends to a meromorphic function on C, and is holomorphic at s = 0. The
equivariant analytic torsion [4] of (X, gX , G) is the class function on G defined as
τG(X, gX)(g) := exp{−
∑
q≥0
(−1)qq ζ′0,q;G(0)(g)}
and the equivariant BCOV torsion of (X, gX) is the class function on G defined as
TBCOV,G(X, gX)(g) := exp{−
∑
p,q≥0
(−1)p+qpq ζ′p,q;G(0)(g)}.
Set
Y := X/G
and let p : X → Y be the projection. Let gY be the Ka¨hler metric on Y in the sense
of orbifolds induced from gX . Let A
p,q(Y ) be the space of C∞ (p, q)-forms on Y in
the sense of orbifolds and let orbp,q = (∂¯+ ∂¯
∗)2 be the Laplacian of (Y, gY ) acting on
Ap,q(Y ). We can define the spectral zeta function ζorbp,q (s) of 
orb
p,q in the same way
as above or as in Section 1.1. Then ζorbp,q (s) extends to a meromorphic function on
C and is holomorphic at s = 0, so that the BCOV torsion TBCOV(Y, gY ) of (Y, gY )
can be defined by the same formula as in Definition 1.2.
We set
Ap,q(X)G := {ϕ ∈ Ap,q(X); g∗ϕ = ϕ (∀ g ∈ G)}
and Gp,q := p,q|Ap,q(X)G . Since p∗ : Ap,q(Y )→ Ap,q(X)G is an isomorphism with

G
p,q ◦ p∗ = p∗ ◦orbp,q , the two operators orbp,q and Gp,q are isospectral. Hence
ζorbp,q (s) =
∑
λ∈σ(p,q)\{0}
λ−s dimE(p,q;λ)
G =
1
|G|
∑
g∈G
ζp,q;G(s)(g).
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By this expression, we have
(5.1) logTBCOV(Y, gY ) =
1
|G|
∑
g∈G
logTBCOV,G(X, gX)(g).
5.2. A variational formula for equivariant BCOV torsion. In the rest of
this section, as an application of the curvature theorem of Bismut-Gillet-Soule´ [5]
for Quillen metrics and its equivariant extension by Ma [23], we shall derive the
curvature formula for the equivariant BCOV torsion.
We keep the notation and assumption in Sections 4.3–4.7. In Section 5.2, we
assume moreover that f : X → B is locally-projective. Hence Xb is a smooth pro-
jective threefold for all b ∈ B. Let hX/B be a G-invariant Hermitian metric on
ΘX/B, which is fiberwise Ka¨hler. Let hY/B be the Hermitian metric on ΘY/B
induced by hX/B. Define TBCOV,G(X/B)(g), TBCOV(Y/B) ∈ C∞(B) as
TBCOV,G(X/B)(g)(b) := TBCOV,G(Xb, hX/B|Xb)(g),
logTBCOV(Y/B)(b) := logTBCOV(Yb/G, hY/B|Yb)
=
1
|G|
∑
g∈G
logTBCOV,G(Xb, hX/B|Xb)(g).
By the G-equivariance of f : X → B, the direct image sheaf Rqf∗ΩpX/B is a G-
equivariant holomorphic vector bundle on B for all p, q ≥ 0. For W ∈ Ĝ, set
(Rqf∗Ω
p
X/B)W := HomG(W,R
qf∗Ω
p
X/B)⊗W
and let
(5.2) Rqf∗Ω
p
X/B =
⊕
W∈Ĝ
(Rqf∗Ω
p
X/B)W
be the isotypical decomposition of the vector bundle Rqf∗Ω
p
X/B. We set
(Rqf∗Ω
p
X/B)
G := {ϕ ∈ Rqf∗ΩpX/B; g · ϕ = ϕ (∀ g ∈ G)}.
The L2-metrics on Rqf∗Ω
p
X/B, (R
qf∗Ω
p
X/B)W , (R
qf∗Ω
p
X/B)
G with respect to the
metric hX/B are denoted by hL2 .
Proposition 5.1. The following equality of (1, 1)-forms on B holds
− ddc logTBCOV(Y/B) +
∑
p,q≥0
(−1)p+qp c1((Rqf∗ΩpX/B)G, hL2)
= [f∗{TdΣ(ΘY/B , hY/B)
∑
p≥0
(−1)pp chΣ(ΩpY/B , hΩpY/B)}]
(1,1).
Proof. By the curvature formulae for Quillen metrics [5] and equivariant Quillen
metrics [23] applied to theG-equivariant morphism f : X → B and theG-equivariant
vector bundles ΩpX/B (p ≥ 0), we get for all g ∈ G
− ddc logTBCOV,G(X/B)(g) +
∑
p,q≥0
(−1)p+qp
∑
W∈Ĝ
χW (g)
rkW
c1((R
qf∗Ω
p
X/B)W , hL2)
= [f∗{Tdg(ΘX/B, hX/B)
∑
p≥0
(−1)pp chg(ΩpX/B, hΩpX/B )}]
(1,1).
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This, together with (5.1), (4.6) and the equality
1
|G|
∑
g∈G
∑
W∈Ĝ
χW (g)
rkW
c1((R
qf∗Ω
p
X/B)W , hL2) = c1((R
qf∗Ω
p
X/B)
G, hL2),
yields the result. 
For a component Cλ ⊂ X (1), we set
Cb,λ := Cλ ∩Xb, Cb,λ¯ := Cb,λ/ΓCλ .
Since Xb is a smooth projective threefold, Cb,λ is a smooth projective curve and
Cb,λ¯ is a compact orbifold curve. We have the canonical isomorphism
H0(Cb,λ¯,KCb,λ¯)
∼= H0(Cb,λ,KCb,λ)ΓCλ
via the projection Cb,λ → Cb,λ¯. Here Cb,λ¯ is viewed as the smooth curve underlying
the orbifold curve Cb,λ¯. For λ¯ ∈ Λ, we set
hλ¯ := dimH
0(Cb,λ¯,KCb,λ¯) = dimH
0(Cb,λ,KCb,λ)
ΓCλ .
The Torelli map for the family f : Cλ¯ → B is defined by
JCλ¯/B : B ∋ b→ [Jac(Cb,λ¯)] = [Jac(Cb,λ)
ΓCλ ] ∈ Ahλ¯ ,
where [Jac(Cb,λ¯)] denotes the isomorphism class of the Jacobian variety Jac(Cb,λ¯)
of the smooth curve underlying Cb,λ¯.
Let hL2 = hf∗KC
λ¯
/B
be the L2-metric on f∗KCλ¯/B, which is independent of
the choice of hCλ¯/B , the Hermitian metric on TCλ¯/B induced by hX/B. Let
ϕ
(λ¯)
1 , . . . , ϕ
(λ¯)
hλ¯
∈ H0(B, f∗KCλ¯/B) be a basis of f∗KCλ¯/B as a free OB-module.
For b ∈ B, set ϕ(λ¯)k (b) := ϕ(λ¯)k |Cb,λ¯ . Then {ϕ
(λ¯)
1 (b), . . . , ϕ
(λ¯)
hλ
(b)} is a basis of
H0(Cb,λ¯,KCb,λ¯) such that∥∥∥ϕ(λ¯)1 (b) ∧ · · · ∧ ϕ(λ¯)hλ (b)∥∥∥2L2 = det
(
i
2π
∫
Cb,λ¯
ϕ
(λ¯)
k (b) ∧ ϕ(λ¯)l (b)
)
1≤k,l≤hλ¯
.
By this expression and the definition of ωAh
λ¯
, we get
(5.3) c1(f∗KCλ¯/B, hL
2) = c1((f∗KCλ/B)
ΓCλ , hL2) = J
∗
Cλ¯/B
ωAh
λ¯
.
Let τΓCλ
(Cλ/B)(g) and Vol(Cλ/B) be the C∞ function on B defined as
τΓCλ
(Cλ/B)(g)(b) := τΓCλ (Cb,λ, hX/B|Cb,λ)(g) (g ∈ ΓCλ),
Vol(Cλ/B)(b) := Vol(Cb,λ, hX/B|Cb,λ) =
1
2π
∫
Cb,λ
γX/B|Cb,λ ,
where γX/B is the Ka¨hler form associated with hX/B. Let τ(Cλ¯/B) and Vol(Cλ¯/B)
be the C∞ function on B defined as
τ(C λ¯/B)(b) := τ(Cb,λ¯, hCλ¯/B|Cb,λ¯),
Vol(Cλ¯/B)(b) := Vol(Cb,λ¯, hCλ¯/B|Cb,λ¯) =
1
|ΓCλ |
Vol(Cλ/B)(b).
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Proposition 5.2. The following equality of (1, 1)-forms on B holds:
−ddc log{τ(C λ¯/B)Vol(Cλ¯/B)}+ J∗Cλ¯/BωAhλ¯ = [f∗Td
Σ(Cλ¯/B, hCλ¯/B)]
(1,1).
Proof. Write Rλ for the set of irreducible representations of ΓCλ . Applying the
curvature formula for the equivariant Quillen metrics [5],[23] to the ΓCλ-equivariant
holomorphic submersion f : Cλ → B, we get for g ∈ ΓCλ
(5.4)
− ddc log τΓCλ (Cλ/B)(g) +
∑
W∈Rλ
χW (g)
rkW
c1((f∗OCλ)W , hL2)
+
∑
W∈Rλ
χW (g)
rkW
c1((f∗KCλ/B)W , hL2) = f∗Tdg(TCλ/B).
Since |ΓCλ | log τ(C λ¯/B) =
∑
g∈ΓCλ
log τΓCλ
(Cλ/B)(g) by (5.1) and
1
|ΓCλ |
∑
W∈Rλ
∑
g∈ΓCλ
χW (g)
rkW
c1((f∗OCλ)W , hL2) = −ddc log Vol(Cλ¯/B),
1
|ΓCλ |
∑
W∈Rλ
∑
g∈ΓCλ
χW (g)
rkW
c1((f∗KCλ/B)W , hL2) = J
∗
Cλ¯/B
ωAh
λ¯
,
we get the result by (5.4), (4.6), (4.47). 
Theorem 5.3. The following equality of (1, 1)-forms on B holds
− ddc logTBCOV(Y/B) +
∑
λ¯∈Λ
(nλ − 1) ddc log
{
τ(Cλ¯/B)Vol(Cλ¯/B)
}
= − 1
12
f∗{c1(Y/B)c3(Y/B)} −
1
12
∑
λ¯∈Λ
n2λ − 1
nλ
(f |Cλ¯)∗{c1(Y/B)c1(Cλ¯/B)}
+
∑
p⊂Y(0)
ǫ(Gp) (f |p)∗c1(Y/B)−
∑
p,q≥0
(−1)p+qp c1((Rqf∗ΩpX/B)G, hL2)
+
∑
λ¯∈Λ
(nλ − 1)J∗Cλ¯/BωAhλ¯ .
Proof. The result follows from Theorem 4.20 and Propositions 5.1 and 5.2. 
6. BCOV invariants for global abelian Calabi-Yau orbifolds
In this section, we introduce BCOV invariants for global Calabi-Yau orbifolds
and calculate their curvatures.
6.1. Global abelian Calabi-Yau orbifolds. LetX be a smooth projective three-
fold with trivial canonical line bundle. Let G ⊂ Aut(X) be a finite abelian group.
We assume that
(6.1) H0(X,ΩpX)
G = H0(X,ΩpX) (p = 0, 3), H
0(X,ΩpX)
G = 0 (p = 1, 2)
and we set
Y := X/G.
Since G preserves canonical forms on X by (6.1), Xg is the disjoint union of finitely
many curves and finite points for any g ∈ G∗. We define Σ(1)X , Σ(0)X , Σ˜(1)X ,
Σ(1)Y , Σ(0)Y , Σ˜(1)Y and X(1), X(0), Y (1), Y (0) in the same way as before in
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Sections 4.1 and 4.2. Let {Cλ}λ∈Λ be the components of X(1). Then X(1) =
∐λ∈ΛCλ and Cλ ⊂ Xg for some g ∈ G∗. Similarly, X(0) is the set of those points
p ∈ X such that p is isolated in XG∗p . As in Section 4, let Λ = Λ/G be the G-
orbits of the G-action on Λ. Then Λ is identified with the set of one-dimensional
irreducible components of Sing Y .
For Cλ, λ ∈ Λ, we can associate the finite subgroups GCλ ,ΓCλ ⊂ G and ΓCλ ⊂
Aut(Cλ) in the same way as in Section 4.3.2. We set
Cλ := Cλ/ΓCλ .
Then Cλ ∼= Cλ′ via the G-action if and only if λ¯ = λ¯′ in Λ. We write Cλ¯ for Cλ.
We have Σ(1)Y = ∐λ¯∈ΛCλ¯. Similarly, OY,p ∼= OY,p′ via the G-action if and only if
p, p′ lie on the same G-orbit. The point of Y corresponding to p is denoted by p.
Since GCλ is a finite abelian subgroup of SL(C
2), GCλ is a cyclic group of order
nλ := |GCλ |.
By Proposition 4.18, Gp, p ∈ X(0) is an abelian subgroup of SL(TpX) such that
ǫ1(Gp) = ǫ2(Gp) = ǫ3(Gp) = ǫ(Gp). For any g ∈ G∗, we get the decomposition
Xg = (∐{λ∈Λ; g∈G∗Cλ}Cλ) ∐ (∐{p∈X(0); g∈G0p}p).
Let γ be a G-invariant Ka¨hler form on X and let γ be the Ka¨hler form on Y in
the sense of orbifolds induced from γ. We define
(6.2) χorb(Y ) :=
∫
Y
c3(Y, γ) +
∑
λ¯∈Λ
n2λ − 1
nλ
∫
Cλ¯
c1(Cλ, γ|Cλ¯)− 12
∑
p∈Y (0)
ǫ(Gp),
where c3(Y, γ) and c1(Cλ¯, γ|Cλ¯) denote the corresponding Chern forms. Hence
their pullbacks to X and Cλ are the Chern forms c3(X, γ) and c1(Cλ, γ|Cλ), re-
spectively. Let χ(·) denote the ordinary topological Euler characteristic. By (6.2),
Definition 4.19 and the Gauss-Bonnet-Chern formula, we easily get
(6.3) |G|χorb(Y ) = χ(X)+
∑
λ∈Λ
(n2λ−1)χ(Cλ)+
∑
p∈X(0)
{(|Gp|2−1)−
3∑
k=1
(n2p,k−1)},
where we used the notation in Section 4.5.2, in particular (4.41).
Proposition 6.1. Let Y˜ be any crepant resolution of Y = X/G. Then
χorb(Y ) = χ(Y˜ ).
Proof. By Roan [32], we have
(6.4) |G|χ(Y˜ ) =
∑
g,h∈G
χ(Xg ∩Xh) = χ(X) +
∑
(g,h)∈(G×G)∗
χ(Xg ∩Xh).
Let (g, h) ∈ (G × G)∗. Let C ⊂ X be an irreducible curve. Since C ⊂ Xg if and
only if g ∈ GC , we get
(6.5) C ⊂ Xg ∩Xh ⇐⇒ (g, h) ∈ (GC ×GC)∗.
Similarly, for any p ∈ X , we have
(6.6) p ∈ Xg ∩Xh ⇐⇒ (g, h) ∈ (Gp ×Gp)∗.
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For p ∈ X , let {Cλp,k}k∈Kp ⊂ X(1), Kp ⊂ {1, 2, 3} be the set of fixed curves passing
through p, where Kp can be empty. By (6.5), (6.6), we have
(6.7)
p is an isolated point of Xg ∩Xh
⇐⇒ (g, h) ∈ (Gp ×Gp)∗ \
⋃
k∈Kp
(GCλp,k ×GCλp,k )∗,
in which case we have p ∈ X(0). By (6.5), (6.6), (6.7), we get
(6.8)
∑
(g,h)∈(G×G)∗
χ(Xg ∩Xh) =
∑
λ∈Λ
# {(g, h) ∈ (GCλ ×GCλ)∗} · χ(Cλ)
+
∑
p∈X(0)
#
(g, h) ∈ (Gp ×Gp)∗ \ ⋃
k∈Kp
(GCλp,k ×GCλp,k )∗
 · χ(p)
=
∑
λ∈Λ
(n2λ − 1)χ(Cλ) +
∑
p∈X(0)
{(|Gp|2 − 1)−
∑
k∈Kp
(n2p,k − 1)}
=
∑
λ∈Λ
(n2λ − 1)χ(Cλ) +
∑
p∈X(0)
{(|Gp|2 − 1)−
3∑
k=1
(n2p,k − 1)},
where the last equality follows from (4.44). Substituting (6.8) into (6.4) and com-
paring it with (6.3), we get the result. 
6.2. BCOV invariants. Let η ∈ H0(Y,Ω3Y ) be a nowhere vanishing canonical
form on Y in the sense of orbifolds. We introduce
(6.9) A(Y, γ) := exp
[
− 1
12
∫
Y
log
(
i η ∧ η
γ3/3!
· Vol(Y, γ)‖η‖2L2
)
c3(Y, γ)
]
,
(6.10) A(Cλ¯, γ|Cλ¯) := exp
[
− 1
12
∫
Cλ¯
log
(
i η ∧ η
γ3/3!
· Vol(Y, γ)‖η‖2L2
)
c1(Cλ¯, γ|Cλ¯)
]
,
(6.11) A(p, γ|p) := i η ∧ η
γ3/3!
∣∣∣∣
p
· Vol(Y, γ)‖η‖2L2
(p ∈ Y (0)).
For generic y ∈ Cλ¯, the germ (Y, y) is isomorphic to (C, 0)×Aµλ¯ , where
µλ¯ := nλ − 1 = |G∗Cλ |
andAµ := (C
2, 0)/〈diag(e2πi/(µ+1), e−2πi/(µ+1))〉 is the 2-dimensionalAµ-singularity.
Definition 6.2. For a Ka¨hler form γ on Y in the sense of orbifolds, define the
orbifold BCOV invariant of (Y, γ) by
τorbBCOV(Y, γ) := TBCOV(Y, γ)Vol(Y, γ)
−3+χ
orb(Y )
12 VolL2(H
2(Y,Z), [γ])−1A(Y, γ)
×
∏
λ¯∈Λ
{
τ(C λ¯, γ|Cλ¯)Vol(Cλ, γ|Cλ)
}−µλ
A(C λ¯, γ|Cλ¯)
n2λ−1
nλ
×
∏
p∈Y (0)
A(p, γ|p)ǫ(Gp).
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When G = {1}, τorbBCOV(Y, γ) coincides with the BCOV invariant of X . In this
sense, the orbifold BCOV invariant is an extension of the ordinary BCOV invariant
to global abelian Calabi-Yau orbifolds. As in Remark 1.4, if γ is Ricci-flat, then
(6.12)
τorbBCOV(Y, γ) = TBCOV(Y, γ)Vol(Y, γ)
−3+
χorb(Y )
12 VolL2(H
2(Y,Z), [γ])−1
×
∏
λ¯∈Λ
{
τ(C λ¯, γ|Cλ¯)Vol(C λ¯, γ|Cλ¯)
}−µλ¯
.
In the rest of this section, we shall derive a variational formula for τorbBCOV(Y, γ)
and prove its independence of the choice of Ka¨hler form. Namely, τorbBCOV(Y, γ) is an
invariant of Y . In fact, the definition of τorbBCOV(Y, γ) can be extended to arbitrary
abelian Calabi-Yau orbifolds. In Section 7, we shall prove that τorbBCOV(Y, γ) is
independent of the choice of γ even for general abelian Calabi-Yau orbifolds. Hence
τorbBCOV(Y, γ) is an invariant of abelian Calabi-Yau orbifolds.
6.3. Set up. Let f : X → B be a locally-projective smooth morphism from a
complex manifold X to a complex manifold B such that Xb = f−1(b) is a connected
threefold with trivial canonical bundle
KXb
∼= OXb , ∀ b ∈ B.
Let G be a finite abelian subgroup of Aut(X ) such that the projection f : X → B
is G-equivariant with respect to the trivial G-action on B. Hence G preserves the
fibers of f . Moreover, we assume that
(6.13) g∗|H0(Xb,KXb) = 1, H0(Xb,Ω1Xb)G = H0(Xb,Ω2Xb)G = {0}
for all g ∈ G and b ∈ B. Then (4.15) is satisfied by the first condition of (6.13).
By the G-equivariance of the family f : X → B, the locally free sheaf Rqf∗ΩpX/B
is equipped with the G-action. By the second condition of (6.13) and the Hodge
symmetry, we have the following vanishing for p 6= q and p+ q 6= 3
(6.14) (Rqf∗Ω
p
X/B)
G = 0.
In what follows, we keep the notation in Sections 4.3, 4.5, 5.2. Hence we set
Y = X/G
and the projection from Y to B induced from f is denoted by f : Y → B. The
relative holomorphic tangent bundle ΘX/B is equipped with a G-invariant Her-
mitian metric hX/B, which is fiberwise Ka¨hler. Its fiberwise Ka¨hler form is de-
noted by γX/B. The corresponding Hermitian metric on ΘY/B and its fiber-
wise Ka¨hler form are denoted by hY/B and γY/B , respectively. Let Ω
p
Y/B be the
sheaf of relative holomorphic p-forms on Y in the sense of orbifolds [36, Def. 1.7].
If π : X → Y denotes the projection, then we have the canonical identification
Hq(U,ΩpY/B) = H
q(π−1(U),ΩpX/B)
G for any open subset U ⊂ Y and for any q ≥ 0
(cf. [36, Lemma 1.8]). As a result, we get the canonical identification of direct
images for all p, q ≥ 0:
(6.15) Rqf∗Ω
p
Y/B = (R
qf∗Ω
p
X/B)
G.
Let b ∈ B be an arbitrary point and set X := Xb. Let
f : (X, X)→ (Def(X), [X ])
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be the Kuranishi family of X . By [37], [38], (Def(X), [X ]) is smooth of dimension
h1(ΘX) = h
1,2(X) and is identified with the set germ at 0 ∈ H1(X,ΘX). Since
G is finite, there is a G-invariant Hermitian metric on X . By making use of this
G-invariant Hermitian metric in the construction of Kuranishi family [20, Chap.X],
we see that the G-action on X lifts to holomorphic G-actions on X and Def(X) so
that f : X→ Def(X) is G-equivariant.
Let
B := Def(X)G = {x ∈ Def(X); g(x) = x (∀ g ∈ G)}
be the set of fixed points of the G-action. We define the map of germs
̟ : (B, b)→ (B, [X ]), ̟(b) := [Xb],
where [Xb] ∈ Def(X) is the point corresponding to the complex structure on Xb.
Then the family of threefolds with G-action f : (X , G) → B is induced from the
Kuranishi family by the map ̟.
6.4. The first Chern form of the relative tangent bundle. Let ωGWP be the
positive (1, 1)-form on B induced from the Weil-Petersson form ωWP (cf. Sec-
tion 1.4.2), i.e.,
ωGWP := ωWP|B.
Let ηX/Def(X) ∈ H0(Def(X), f∗KX/Def(X)) be a nowhere vanishing holomorphic
section and set ηX/B := ̟
∗(ηX/Def(X)). By its G-invariance, ηX/B descends to
a nowhere vanishing relative canonical form ηX/B on Y in the sense of orbifolds.
Since
ηX/B = ηX/Def(X)|µ(B),
we deduce from (1.4) that
(6.16) ̟∗ωGWP = −ddc log ‖ηX/B‖2L2 = c1(f∗KX/B, hL2).
By [12, Eq. (4.2)] and (6.16), the following equality of (1, 1)-forms on X holds:
(6.17)
c1(X/B) = −f∗
{
̟∗ωGWP + dd
c logVol(X/B)}
+ ddc log
{
i ηX/B ∧ ηX/B
γ3X/B/3!
f∗
(
Vol(X/B)
‖ηX/B‖2L2
)}
,
which yields the equation
(6.18)
c1(Y/B) = −f∗
{
̟∗ωGWP + dd
c log Vol(Y/B)}
+ ddc log
{
i ηY/B ∧ ηY/B
γ3Y/B/3!
f
∗
(
Vol(Y/B)
‖ηY/B‖2L2
)}
.
6.5. The curvature of Rqf∗Ω
p
Y/B: the case p+ q = 3. Recall that the Kodaira-
Spencer map
ρ : ΘDef(X) → R1f∗Ω2X/Def(X) ⊗ (f∗KX/Def(X))∨
was defined in Section 1.4.1. Since ρ is G-equivariant by (1.1), we get an isomor-
phism of holomorphic vector bundles on B
ρ : ΘB = (ΘDef(X)|B)G ∼= (R1f∗ΘX/Def(X))G
= (R1f∗Ω
2
X/Def(X))
G ⊗ (f∗KX/Def(X))∨|B.
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By (1.5), we get an isometry of holomorphic Hermitian vector bundles on B
(6.19)
ρ : (ΘB, ω
G
WP)
∼= ((R1f∗ΘX/Def(X))G, hL2)
∼= ((R1f∗Ω2X/Def(X))G, hL2)⊗ ((f∗KX/Def(X))∨, h−1L2 ).
Recall that the Ricci from of (B, ωGWP) is defined as
RicωGWP := c1(ΘB, ω
G
WP).
Lemma 6.3. Set hp,q(Y ) := dimHq(Y,ΩpY ) = dimH
q(X,ΩpX)
G. When p+ q = 3,
the following equality of (1, 1)-forms on B holds:
c1((R
qf∗Ω
p
X/Def(X))
G, hL2) =

ωGWP (p, q) = (3, 0),
RicωGWP + h
1,2(Y )ωGWP (p, q) = (2, 1),
−RicωGWP − h1,2(Y )ωGWP (p, q) = (1, 2),
−ωGWP (p, q) = (0, 3).
Proof. The result for (p, q) = (3, 0) follows from (6.16). Since h1,2(Y ) = rk (ΘDef(X))
G,
we get by (6.19) the result for (p, q) = (2, 1):
c1((R
1f∗Ω
2
X/Def(X))
G, hL2) = c1((ΘDef(X))
G, ωGWP) + h
1,2(Y )c1((f∗KX/Def(X)), hL2)|B
= RicωGWP + h
1,2(Y )ωGWP.
Since the Serre duality (Rqf∗Ω
p
X/Def(X))
∨ ∼= R3−qf∗Ω3−pX/Def(X) is a G-equivariant
isometry with respect to the L2-metrics on the direct image sheaves, the results for
(p, q) = (1, 2), (0, 3) follow from those for (p, q) = (2, 1), (3, 0). 
Lemma 6.4. When p+ q = 3, the following equality of (1, 1)-forms on B holds:
c1((R
qf∗Ω
p
X/B)
G, hL2) =

̟∗ωGWP (p, q) = (3, 0),
̟∗RicωGWP + h
1,2(Y )̟∗ωGWP (p, q) = (2, 1),
−̟∗RicωGWP − h1,2(Y )̟∗ωGWP (p, q) = (1, 2),
−̟∗ωGWP (p, q) = (0, 3).
Proof. Since Hq(Yb,Ω
p
Yb
) = Hq(Xb,Ω
p
Xb
)G, b ∈ B, consists of primitive cohomology
classes when p+q = 3 and since the L2-metric on the primitive cohomology coincides
with the cup-product, the map of germs ̟ : (B, b) → (Def(X), [X ]) induces an
isometry of holomorphic Hermitian vector bundles on (B, b)
((Rqf∗Ω
p
X/B)
G, hL2) = ̟
∗((Rqf∗Ω
p
X/Def(X))
G, hL2).
Hence the result follows from Lemma 6.3. 
6.6. The curvature of Rqf∗Ω
p
Y/B: the case p = q. For b ∈ B, the covolume of
the lattice H2(Yb,Z) ⊂ H2(Yb,R) relative to the L2-metric is defined in the same
way as in Section 1.2. If {e1(b), . . . , er(b)} is a basis of H2(Yb,Z)/Torsion, then
VolL2(H
2(Yb,Z), γb) := det
(〈ek(b), el(b)〉L2,γb) = ‖e1(b) ∧ · · · ∧ er(b)‖2L2,γb ,
where r := rkZH
2(Yb,Z) and 〈·, ·〉L2,γb denotes the L2-metric on H2(Yb,R) with
respect to γb := γY/B |Yb . Then 〈·, ·〉L2,γb depends only on the Ka¨hler class [γb].
We define VolL2(R
2f∗Z) ∈ C∞(B) by
VolL2(R
2f∗Z)(b) := VolL2(H
2(Yb,Z), γb), b ∈ B.
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By [12, Lemma 4.12], VolL2(R
2f∗Z) is constant on B if the relative Ka¨hler form
γY/B is induced from a Ka¨hler form on X , i.e., if there is a Ka¨hler form γX on X
satisfying γX/B = γX |ΘX/B .
Lemma 6.5. The following equality of (1, 1)-forms on B holds:
c1(R
pf∗Ω
p
Y/B, hL2) =

−ddc logVol(Y/B) (p = 0),
−ddc logVolL2R2f∗Z (p = 1),
ddc logVolL2R
2f∗Z (p = 2),
ddc logVol(Y/B) (p = 3).
Proof. Since (f∗OX )G = f∗OY = OB · 1 and since ‖1‖2L2 = Vol(Y/B), we get the
result for p = 0. Similarly, since (f∗Ω
2
X/B)
G = (R2f∗OX )G = 0 by (6.13), we
get f∗Ω
2
Y/B = R
2f∗OY = 0 by (6.15). Let L1, . . . , Lr be holomorphic line bun-
dles on Yb such that {c1(L1), . . . , c1(Lr)} is a basis of H2(Yb,Z)/Tors(H2(Yb,Z)).
Since R2f∗OY = 0, it follows from the exactness of the sequence R1f∗O∗Y →
R2f∗Z → R2f∗OY that every Li extends to a holomorphic line bundle Li on Y.
Then R1f∗Ω
1
Y/B = R
2f∗Z ⊗ OB = OBc1(L1) + · · · + OBc1(Lr) by (6.14), (6.15),
so that we get detR1f∗Ω
1
Y/B = OB · c1(L1) ∧ · · · ∧ c1(Lr) and
c1(R
1f∗Ω
1
Y/B, hL2) = −ddc log ‖c1(L1) ∧ · · · ∧ c1(Lr)‖2L2 = −ddc logVolL2(R2f∗Z).
This proves the assertion for p = 1. The assertions for p = 2, 3 follow from those
for p = 1, 0 by the Serre duality. See [12, p.200] for the details. 
Corollary 6.6. The following equality of (1, 1)-forms on B holds:∑
p,q≥0
(−1)p+qp c1(Rqf∗ΩpY/B, hL2) = −̟∗RicωGWP −
(
h1,2(Y ) + 3
)
̟∗ωGWP
+ ddc log
{
Vol(Y/B)3 VolL2(R2f∗Z)
}
.
Proof. The result follows from Lemmas 6.4 and 6.5. 
6.7. The direct images of some Chern forms.
Definition 6.7. Define C∞ functions A(Y/B), A(Cλ¯/B), A(p/B) on B by
A(Y/B) := exp
[
− 1
12
f∗
{
log
(
i ηY/B ∧ ηY/B
γ3Y/B/3!
· f∗Vol(Y/B)‖ηY/B‖2L2
)
c3(Y/B)
}]
,
A(Cλ¯/B) := exp
− 1
12
f∗
{
log
(
i ηY/B ∧ ηY/B
γ3Y/B/3!
· f∗Vol(Y/B)‖ηY/B‖2L2
)
c1(Cλ¯/B)
∣∣∣∣∣
Cλ¯

 ,
A(p/B) := f∗
(
i ηY/B ∧ ηY/B
γ3Y/B/3!
∣∣∣∣∣
p
· f∗Vol(Y/B)‖ηY/B‖2L2
 (p ⊂ Y(0)).
Proposition 6.8. The following equality of (1, 1)-forms on Y holds:
f∗{c1(Y/B)c3(Y/B)} = −
∫
Y
c3(Y )
{
̟∗ωGWP + dd
c logVol(Y/B)}−12 ddc logA(Y/B).
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Proof. Substituting (6.18) into f∗{c1(Y/B)c3(Y/B)} and using the projection for-
mula and the commutativity of ddc and f∗, we get the result. See also [12, p.197
Eq.(4.3)]. 
Proposition 6.9. The following equality of (1, 1)-forms on B holds:
(f |Cλ¯)∗{c1(Y/B)c1(Cλ¯/B)} = −
∫
Cλ¯
c1(C λ¯)
{
̟∗ωGWP + dd
c logVol(Y/B)}
− 12 ddc logA(Cλ¯/B).
Proof. By (6.18), we get
(6.20)
(f |Cλ¯)∗{c1(Y/B)c1(Cλ¯/B)}
= −(f |Cλ¯)∗
[
(f |Cλ¯)
∗
{
̟∗ωGWP + dd
c log Vol(Y/B)} ∧ c1(Cλ¯/B)]
+ (f |Cλ¯)∗
[
ddc log
{
i ηY/B ∧ ηY/B
γ3Y/B/3!
f
∗
(
Vol(Y/B)
‖ηY/B‖2L2
)}
∧ c1(Cλ¯/B)
]
= −
∫
Cλ¯,b
c1(C λ¯,b) ·
{
̟∗ωGWP + dd
c logVol(Y/B)}− 12 ddc logA(C λ¯/B).
To get the second equality, we used the projection formula and the commutativity
of ddc and (f |Cλ¯)∗. 
Proposition 6.10. The following equality of (1, 1)-forms on B holds:
(f |p)∗{c1(Y/B)} = −̟∗ωGWP − ddc logVol(Y/B) + ddc logA(p/B).
Proof. The result follows from (6.18) and the projection formula. 
6.8. The curvature formula. We define τorbBCOV(Y/B) ∈ C∞(B) as
τorbBCOV(Y/B) := TBCOV(Y/B)Vol(Y/B)−3+
χorb(Y )
12 VolL2(R
2f∗Z)
−1A(Y/B)
×
∏
λ¯∈Λ
{
τ(C λ¯/B)Vol(Cλ¯/B)
}−µλ¯ A(C λ¯/B)n2λ−1nλ ∏
p⊂Y(0)
A(p/B)ǫ(Gp).
Theorem 6.11. The following equality of (1, 1)-forms on B holds
−ddc log τorbBCOV(Y/B) =
(
χorb(Y )
12
+ h1,2(Y ) + 3
)
̟∗ωGWP +̟
∗RicωGWP
+
∑
λ¯∈Λ
µλ¯ J
∗
Cλ¯/B
ωAh
λ¯
.
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Proof. By Theorem 5.3, we get
(6.21)
− ddc logTBCOV(Y/B) +
∑
λ¯∈Λ
µλ dd
c log
{
τ(Cλ¯/B)Vol(Cλ¯/B)
}
= − 1
12
f∗{c1(Y/B)c3(Y/B)} −
1
12
∑
λ¯∈Λ
n2λ − 1
nλ
(f |Cλ¯)∗{c1(Y/B)c1(Cλ¯/B)}
+
∑
p⊂Y(0)
ǫ(Gp) (f |p)∗{c1(Y/B)} −
∑
p,q≥0
(−1)p+qp c1(detRqf∗ΩpY/B, hL2)
+
∑
λ¯∈Λ
µλ¯ J
∗
Cλ¯/B
ωAhλ¯
.
Substituting the formulae in Propositions 6.8, 6.9, 6.10 and Corollary 6.6 into (6.21),
we get
(6.22)
− ddc logTBCOV(Y/B) +
∑
λ¯∈Λ
µλ dd
c log
{
τ(Cλ¯/B)Vol(Cλ¯/B)
}
=
∫Y c3(Y )
12
+
1
12
∑
λ¯∈Λ
n2λ − 1
nλ
∫
Cλ¯
c1(C λ¯)−
∑
p⊂Y(0)
ǫ(Gp) + h
1,2(Y ) + 3
̟∗ωGWP
+̟∗RicωGWP +
∑
λ¯∈Λ
µλ J
∗
Cλ¯/B
ωAh
λ¯
+
∫Y c3(Y )
12
+
1
12
∑
λ¯∈Λ
n2λ − 1
nλ
∫
Cλ¯
c1(C λ¯)−
∑
p⊂Y(0)
ǫ(Gp)− 3
 ddc logVol(Y/B)
− ddc logVolL2(R2f∗Z) + ddc logA(Y/B) +
∑
λ¯∈Λ
n2λ − 1
nλ
ddc logA(Cλ¯/B)
− 12
∑
p∈Y(0)
ǫ(Gp) dd
c logA(p/B).
Substituting (6.2) into (6.22), we get the result. 
Theorem 6.12. The number τorbBCOV(Y, γ) is independent of the choice of a Ka¨hler
form γ on Y .
Proof. Let γ0 and γ∞ be two G-invariant Ka¨hler forms on X , which are identified
with the corresponding Hermitian metrics. Set X := X×P1 and let f := pr2 : X →
P1 be the projection. By the triviality of the family f : X → P1, the G-action on
X extends to a G-action on X . Define the Hermitian metric γX/P1 := {γt}t∈P1
on ΘX/P1 by γt := (γ0 + |t|2γ∞)/(1 + |t|2). Then γX/P1 is fiberwise Ka¨hler. We
set Y := X/G, Y := X/G and τorbBCOV(Y/P1)(t) := τorbBCOV(Y, γt) for t ∈ P1. By
Theorem 6.11 applied to the trivial family f : Y → P1, we get on P1
−ddc log τorbBCOV(Y/P1) = 0,
because ̟ and JCλ/P1 are constant maps. Since τ
orb
BCOV(Y/P1) is a harmonic func-
tion on P1, it is a constant. Hence τorbBCOV(Y, γ0) = τ
orb
BCOV(Y, γ∞). 
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Definition 6.13. Let X be a smooth projective threefold with trivial canonical
line bundle. Let G be a finite abelian group of automorphisms of X satisfying (6.1).
Then the (orbifold) BCOV invariant of X/G is defined as
τorbBCOV(X/G) := τ
orb
BCOV(X/G, γ),
where γ is an arbitrary G-invariant Ka¨hler form on X .
7. BCOV invariants for general abelian Calabi-Yau orbifolds
In this section, we extend BCOV invariants to general (i.e., possibly non-global)
abelian Calabi-Yau orbifolds by using the anomaly formula for orbifolds [24, Th. 0.1].
Let Y be a 3-dimensional Calabi-Yau orbifold. We assume that Y is abelian.
Namely, for any y ∈ Y , there exist a neighborhood Uy of y in Y , a finite abelian
subgroup Gy ⊂ SL(C3) and a Gy-invariant open neighborhood Uy of 0 in C3
such that (Uy, y) ∼= (Uy/Gy, 0). We define ΣUy = Σ(1)Uy ∐ Σ(0)Uy and Σ˜(0)Uy
as in Sections 4.1 and 4.2. We set Σ˜Uy := Σ
(1)Uy ∐ Σ˜(0)Uy. Similarly, we define
Σ(k)Uy := Σ
(k)Uy/Gy and Σ˜
(0)Uy := Σ˜
(0)Uy/Gy. We set ΣUy := Σ
(0)Uy ∐Σ(1)Uy
and Σ˜Uy := Σ˜
(0)Uy∐Σ(1)Uy. Gluing these ΣUy and Σ˜Uy, we get complex orbifolds
ΣY :=
⋃
y∈Y ΣUy and Σ˜Y :=
⋃
y∈Y Σ˜Uy. Then ΣY = Σ
(1)Y ∐ Σ(0)Y and Σ˜Y =
Σ(1)Y ∐ Σ˜(0)Y . Let νy : ΣUy → Uy be the map as in Section 4.1.2. Gluing νy, we
get a map ν : ΣY → Y . Let ν(Σ(1)Y ) = ⋃λ¯∈ΛCλ¯ be the irreducible decomposition.
By the local description of ν(Σ(1)Uy) in Sections 4.2 and 4.5.1, Cλ¯ can have singular
points isomorphic to the union of some coordinate axes of C3. Since Y is an abelian
orbifold, there exists nλ¯ ∈ Z>1 for each λ¯ ∈ Λ such that Gy is a cyclic group of
order nλ for generic y ∈ Cλ¯. In particular, nλ¯ = |Gy | for generic y ∈ Cλ¯. Let Ĉλ¯
be the normalization of Cλ¯. We set
Y (1) := ∐λ¯∈ΛĈλ¯, Y (0) := ν(Σ˜(0)Y ).
Define ι : Y (1) → ν(Σ(1)Y ) as the normalization. By the definition of νy, ν induces
an unramified covering p : Σ(1)Y → Y (1) with ι ◦ p = ν. By (4.4), the restriction
p|p−1(Ĉλ¯) : p
−1(Ĉλ¯)→ Ĉλ¯ is an e´tale map of degree nλ¯− 1. If Y is a global orbifold,
p−1(Ĉλ¯) consists of nλ¯ − 1 components and each component is isomorphic to Ĉλ¯.
Since Y is not necessarily a global orbifold, the number of the components of
p−1(Ĉλ¯) can be smaller than nλ¯ − 1 in general.
For a Ka¨hler form γ on Y in the sense of orbifolds, we define χorb(Y ) by (6.2),
A(Y, γ) by (6.9), A(C λ¯, γ|Cλ¯) by (6.10), A(p, γ|p) (p ∈ Y (0)) by (6.11). Then
χorb(Y ) is independent of the choice of γ. Let
Σ(1)Y = ∐α∈ADα
be the decomposition into connected components. When p(Dα) = Ĉλ, the restric-
tion p|Dα : Dα → Ĉλ is an unramified covering. We set
τ(ΣY, γ|ΣY ) :=
∏
α∈A
τ(Dα, γ|Dα), Vol(ΣY, γ|ΣY ) :=
∏
α∈A
Vol(Dα, γ|Dα)
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Definition 7.1. Define the orbifold BCOV invariant of (Y, γ) by
τorbBCOV(Y, γ) := TBCOV(Y, γ)Vol(Y, γ)
−3+χ
orb(Y )
12 VolL2(H
2(Y,Z), [γ])−1A(Y, γ)
× τ(ΣY, γ|ΣY )−1Vol(ΣY, γ|ΣY )−1
×
∏
λ¯∈Λ
A(Cλ¯, γ|Cλ¯)
n2
λ
−1
nλ
∏
p∈Y (0)
A(p, γ|p)ǫ(Gp).
For a holomorphic orbi-vector bundle E on a complex orbifold M , Hermitian
metrics h, h′ on E and GL(Cr)-invariant polynomial φ(·) on gl(Cr), r := rk(E), we
denote by φ˜Σ(E;h, h′) ∈ ⊕p≥0Ap,p(M∐ΣM)/Im∂+Im∂¯ the Bott-Chern secondary
class [5, I e), f)], [24, Sect. 1.2] such that
−ddcφ˜Σ(E;h, h′) = φΣ(E, h)− φΣ(E, h′).
Following [12], we define the complex line λBCOV(Y ) as
(7.1)
λBCOV(Y ) :=
⊗
p≥0
λ(ΩpY )
(−1)pp =
⊗
p,q≥0
(detHq(Y,ΩpY ))
(−1)p+qp =
detH2(Y,Ω1Y )
−1 ⊗ (detH1(Y,Ω2Y ))−2 ⊗ (detH0(Y,Ω3Y ))−3 ⊗
3⊗
r=1
(detH2r(Y,C))r.
We denote by ‖ · ‖λBCOV(Y ),L2,γ and ‖ · ‖λBCOV(Y ),Q,γ the L2 and Quillen metrics
[5], [24] on λBCOV(Y ) with respect to γ, respectively. By definition,
‖ · ‖2λBCOV(Y ),Q,γ = TBCOV(Y, γ) ‖ · ‖2λBCOV(Y ),L2,γ .
Similarly, the Quillen metric on λ(ODα) = detH0(Dα,ODα)⊗ detH1(Dα,ODα)−1
with respect to γ|Dα (resp. γ′|Dα) is denoted by ‖·‖λ(ODα),Q,γ (resp. ‖·‖λ(ODα ),Q,γ′).
Set
λ(OΣY ) :=
⊗
α∈A
λ(ODα), ‖ · ‖λ(OΣY ),Q,γ :=
⊗
α∈A
‖ · ‖λ(ODα ),Q,γ .
Lemma 7.2. Let γ and γ′ be Ka¨hler forms on Y in the sense of orbifolds. Then
log
( ‖ · ‖λBCOV(Y ),Q,γ
‖ · ‖λBCOV(Y ),Q,γ′
)2
− log
( ‖ · ‖λ(OΣY ),Q,γ
‖ · ‖λ(OΣY ),Q,γ′
)2
= − 1
12
∫
Y
c˜1c3(Y ; γ, γ
′)− 1
12
∑
λ¯∈Λ
n2
λ
− 1
nλ¯
∫
Cλ¯
˜c1(Y )c1(Cλ¯)(γ, γ
′)
+
∑
p∈Y (0)
ǫ(Gp) c˜1(Y )(γ, γ
′)|p.
Proof. For p ∈ Y (0), we fix an isomorphism (Up, p) ∼= (Up/Gp, p), where the origin
of Up is denoted by p and we set Up := Up and Gp := Gp. As in Section 4.3.5, we
get the splitting
Np/Up = Np/Up(χp,1)⊕Np/Up(χp,2)⊕Np/Up(χp,3).
Since γ and γ′ are Ka¨hler forms on Y in the sense of orbifolds, they are viewed as
positive (1, 1)-forms γ and γ′ on Up, respectively. We define
ρ˜p,k(γ, γ
′)(p) := c˜1(Np/Up(χp,k); γ, γ
′)(p),
ANALYTIC TORSION FOR BORCEA-VOISIN THREEFOLDS 61
which is the Bott-Chern class associated to the characteristic form (4.26). By (4.27),
ρ˜p,1(γ, γ
′)(p) + ρ˜p,2(γ, γ
′)(p) + ρ˜p,3(γ, γ
′)(p) = c˜1(Y )(γ, γ
′)|p.
We apply the anomaly formula of Ma [24, Th. 0.1] to the line λBCOV(Y ). Recall
that Π : Y ∐ΣY → Y ∐ Y (1) ∐ Y (0) is the projection. By Proposition 4.13, we get
(7.2)
log
( ‖ · ‖λBCOV(Y ),Q,γ
‖ · ‖λBCOV(Y ),Q,γ′
)2
=
∫
Y∐ΣY
∑
p≥0
(−1)pp ˜TdΣ(ΘY )chΣ(ΩpY )(γ, γ′)
=
∫
Y∐Y (1)∐Y (0)
Π∗{
∑
p≥0
(−1)pp ˜TdΣ(ΘY )chΣ(ΩpY )(γ, γ′)}
= − 1
12
∫
Y
c˜1c3(Y ; γ, γ
′)− 1
12
∑
λ¯∈Λ
n2
λ¯
− 1
nλ¯
∫
Cλ¯
˜c1(Y )c1(Cλ¯)(γ, γ
′)
+
1
12
∑
λ¯∈Λ
µλ¯
∫
Cλ¯
c˜21(C λ¯; γ|Cγ¯ , γ′|Cγ¯ ) +
∑
p∈Y (0)
3∑
k=1
δ(Gp)
|Gp| ρ˜p,k(γ, γ
′)(p),
where we used the fact that Π : Y ∐ΣY → Y ∐Y (1)∐Y (0) is an unramified covering
to get the third equality.
Write Gp = {diag(χp,1(g), χp,2(g), χp,3(g)); g ∈ Gp}. As in Section 4.5.2, we set
np,k := | kerχp,k| and νp,k = |Imχp,k|. Applying the anomaly formula [24, Th. 0.1]
to λ(OΣY ) and using Proposition 4.17, we get
(7.3)
log
( ‖ · ‖λ(OΣY ),Q,γ
‖ · ‖λ(OΣY ),Q,γ′
)2
=
∑
α∈A
log
( ‖ · ‖λ(ODα ),Q,γ
‖ · ‖λ(ODα ),Q,γ′
)2
=
∑
α∈A
∫
Dα∐ΣDα
˜TdΣ(TDα)(γ, γ
′) =
∑
λ¯∈Λ
µλ¯
∫
Cλ¯∐ΣCλ¯
˜TdΣ(TCλ¯)(γ, γ
′) =
1
12
∑
λ¯∈Λ
µλ¯
∫
Cλ¯
c˜21(Cλ¯; γ|Cλ¯ , γ
′|Cλ¯) +
1
12
∑
p∈Y (0)
3∑
k=1
(np,k − 1)(ν2p,k − 1)
νp,k
ρ˜p,k(γ, γ
′)(p),
where we used the fact that ν : ∐α∈φ−1(λ¯) Dα → Ĉλ¯ is an unramified covering of
degree µλ¯ to get the third equality. The result follows from (4.27), (7.2), (7.3) and
Proposition 4.18. 
Lemma 7.3. Let γ and γ′ be Ka¨hler forms on Y in the sense of orbifolds. Then
(7.4)
χorb(Y )
12
log
Vol(Y, γ)
Vol(Y, γ′)
+ log
A(Y, γ)
A(Y, γ′)
+
∑
λ¯∈Λ
n2
λ¯
− 1
nλ¯
log
A(Cλ¯, γ|Cλ¯)
A(C λ¯, γ
′|Cλ¯)
+
∑
p∈Y (0)
ǫ(Gp) log
A(p, γ|p)
A(p, γ′|p)
=
1
12
∫
Y
c˜1c3(Y ; γ, γ
′) +
1
12
∑
λ¯∈Λ
n2
λ¯
− 1
nλ¯
∫
Cλ¯
˜c1(Y )c1(C λ¯)(γ, γ
′)
−
∑
p∈Y (0)
ǫ(Gp) c˜1(Y )(γ, γ
′)|p.
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Proof. Write I = I(γ, γ′) for the left hand side of (7.4). Let η ∈ H0(Y,Ω3Y ) \ {0}
and let κ be a Ricci-flat Ka¨hler form on Y in the sense of orbifolds such that
(7.5) κ3/3! = i η ∧ η.
By the definitions of A(Y, γ), A(C λ¯, γ|Cλ¯), A(p, γ|p) and χorb(Y ), we get
(7.6)
I =
χorb(Y )
12
log
Vol(Y, γ)
Vol(Y, γ′)
− χ
orb(Y )
12
log
Vol(Y, γ)
‖η‖2L2
+
χorb(Y )
12
log
Vol(Y, γ′)
‖η‖2L2
− 1
12
∫
Y
{
log
(
i η ∧ η
γ3/3!
)
c3(Y, γ)− log
(
i η ∧ η
(γ′)3/3!
)
c3(Y, γ
′)
}
− 1
12
∑
λ¯∈Λ
n2
λ¯
− 1
nλ¯
∫
Cλ¯
{
log
(
i η ∧ η
γ3/3!
)
c1(Cλ¯, γ|Cλ¯)− log
(
i η ∧ η
(γ′)3/3!
)
c1(Cλ¯, γ
′|Cλ¯)
}
+
∑
p∈Y (0)
ǫ(Gp)
{
log
(
i η ∧ η
γ3/3!
)
(p)− log
(
i η ∧ η
(γ′)3/3!
)
(p)
}
.
Since c1(Y, κ) = 0 by the definition of κ and since
(7.7) c˜1(Y ; γ, κ) = log(γ
3/κ3) = log[(γ3/3!)/(i η ∧ η)]
and c˜1c3(Y ; γ, κ) = c˜1(Y ; γ, κ)c3(Y, γ) + c1(Y, κ)c˜3(Y ; γ, κ), we deduce from (7.5),
(7.7) that
(7.8)
c˜1c3(Y ; γ, γ
′) = c˜1(Y ; γ, κ)c3(Y, γ)− c˜1(Y ; γ′, κ)c3(Y, γ′)
= log[(γ3/3!)/(i η ∧ η)] c3(Y, γ)− log[((γ ′)3/3!)/(i η ∧ η)] c3(Y, γ′).
Similarly, since c1(Y, κ) = 0 and hence
˜c1(Y )c1(Cλ¯)(γ, γ
′) = ˜c1(Y )c1(C λ¯)(γ, κ)− ˜c1(Y )c1(C λ¯)(γ′, κ)
= c˜1(Y ; γ, κ)c1(C λ¯, γ|Cλ¯)− c˜1(Y ; γ
′, κ)c1(Cλ¯, γ
′|Cλ¯),
we get by (7.7)
(7.9)
˜c1(Y )c1(C λ¯)(γ, γ
′) = log
(
γ3/3!
i η ∧ η
)
c1(C λ¯, γ|Cλ¯)− log
(
(γ′)3/3!
i η ∧ η
)
c1(C λ¯, γ
′|Cλ¯).
Finally, we get by (7.7)
(7.10)
c˜1(Y )(γ, γ
′)|p = c˜1(Y )(γ, κ)|p − c˜1(Y )(γ′, κ)|p
= log[(γ3/3!)/(i η ∧ η)](p)− log[{(γ′)3/3!}/(i η ∧ η)](p).
Substituting (7.8), (7.9), (7.10) into (7.6), we get the result. 
Theorem 7.4. The number τorbBCOV(Y, γ) is independent of the choice of a Ka¨hler
form on Y in the sense of orbifolds.
Proof. Let γ and γ′ be arbitrary Ka¨hler forms on Y in the sense of orbifolds. Let
{c1(L1), . . . , c1(Lb2)} be a basis of H2(Y,Z)fr and let {c1(L1)∨, . . . , c1(Lb2)∨} be its
dual basis ofH4(Y,Z)fr with respect to the cup-product. Then detH
0(Y,C) has the
canonical element σ0 := 1Y , detH
2(Y,C) has the canonical element σ2 := c1(L1)∧
· · ·∧c1(Lb2), detH4(Y,C) has the canonical element σ4 := c1(L1)∨∧· · ·∧c1(Lb2)∨,
and detH6(Y,C) has the canonical element σ6 := [Y ], the fundamental class. If
{e1, . . . , eb2} is an orthonormal basis of H2(Y,C) with respect to γ, then its dual
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basis {e∨1 , . . . , e∨b2} is given by {∗e1, . . . , ∗eb2}, where ∗ denotes the Hodge ∗-operator
with respect to the Ka¨hler form γ. From this, we get ‖σ4‖2L2,γ = ‖σ2‖−2L2,γ =
VolL2(H
2(Y,Z), [γ])−1. Similarly, we have ‖σ6‖2L2,γ = ‖σ0‖−2L2,γ = Vol(Y, γ)−1. Set
ℓY := (detH
2(Y,Ω1Y ))
−1 ⊗ (detH1(Y,Ω2Y ))−2 ⊗ (detH0(Y,Ω3Y ))−3.
Since the L2-metric on Hq(Y,ΩpY ) is independent of the choice of a Ka¨hler form on
Y for p+ q = 3 and hence so is the L2-metric ‖ · ‖L2,ℓY on the line ℓY , we get
(7.11)
‖ · ‖2λBCOV(Y ),Q,γ
‖ · ‖2λBCOV(Y ),Q,γ′
=
TBCOV(Y, γ) · ‖ · ‖2L2,ℓY ·
∏3
r=1 ‖σr‖2rL2,γ
TBCOV(Y, γ
′) · ‖ · ‖2L2,ℓY ·
∏3
r=1 ‖σr‖2rL2,γ′
=
TBCOV(Y, γ)Vol(Y, γ)
−3VolL2(H
2(Y,Z), [γ])−1
TBCOV(Y, γ
′)Vol(Y, γ′)−3VolL2(H2(Y,Z), [γ
′])−1
by (7.1). Similarly, since the L2-metric on the line
ℓΣY :=
⊗
α∈A
ℓDα , ℓDα := detH
1(Dα,ODα)−1
is independent of the choice of a Ka¨hler form on ΣY and since detH0(ΣY,OΣY ) =⊗
α∈A detH
0(Dα,ODα) has the canonical element 1ΣY =
⊗
α∈A 1Dα , we get
(7.12)
‖ · ‖2λ(OΣY ),Q,γ
‖ · ‖2λ(OΣY ),Q,γ′
=
τ(ΣY, γ|ΣY )‖ · ‖2L2,ℓΣY ‖1ΣY ‖2L2,γ
τ(ΣY, γ′|ΣY )‖ · ‖2L2,ℓΣY ‖1ΣY ‖2L2,γ′
=
τ(ΣY, γ|ΣY )Vol(ΣY, γ|ΣY )
τ(ΣY, γ ′|ΣY )Vol(ΣY, γ′|ΣY ) .
By (7.11), (7.12) and Definition 6.2, we get
(7.13)
log
τorbBCOV(Y, γ)
τorbBCOV(Y, γ
′)
= log
( ‖ · ‖λBCOV(Y ),Q,γ
‖ · ‖λBCOV(Y ),Q,γ′
)2
− log
( ‖ · ‖λ(OΣY ),Q,γ
‖ · ‖λ(OΣY ),Q,γ′
)2
+
χorb(Y )
12
log
Vol(Y, γ)
Vol(Y, γ′)
+ log
A(Y, γ)
A(Y, γ′)
+
∑
λ¯∈Λ
n2
λ¯
− 1
nλ¯
log
A(C λ¯, γ|Cλ¯)
A(C λ¯, γ
′|Cλ¯)
+
∑
p∈Y (0)
ǫ(Gp) log
A(p, γ|p)
A(p, γ′|p)
.
Comparing (7.13) and Lemmas 7.2 and 7.3, we get
log[τorbBCOV(Y, γ)/τ
orb
BCOV(Y, γ
′)] = 0.
Since the Ka¨hler forms γ and γ′ are arbitrary, we get the result. 
After Theorem 7.4, the following definition makes sense.
Definition 7.5. Define the BCOV invariant of an abelian Calabi-Yau orbifold as
τorbBCOV(Y ) := τ
orb
BCOV(Y, γ).
To reformulate the invariance property of τorbBCOV(Y ), we make the following
Definition 7.6. Define the orbifold BCOV line of Y as
λorbBCOV(Y ) := λBCOV(Y )⊗ λ(OΣY )−1
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and the Hermitian structure ‖ · ‖BCOV on λorbBCOV(Y ) as
‖ · ‖2BCOV := Vol(Y, γ)
χorb(Y )
12 A(Y, γ)
∏
λ¯∈Λ
A(Cλ, γ|Cλ¯)
n2
λ¯
−1
n
λ¯
∏
p∈Y (0)
A(p, γ|p)ǫ(Gp)
× ‖ · ‖2λBCOV(Y ),Q,γ ⊗ ‖ · ‖−2λ(OΣY ),Q,γ .
Theorem 7.7. The Hermitian structure ‖ · ‖BCOV on λorbBCOV(Y ) is independent
of the choice of a Ka¨hler metric on Y in the sense of orbifolds. In particular, the
Hermitian line (λorbBCOV(Y ), ‖ · ‖BCOV) is an invariant of Y .
Proof. The result follows from (7.13) and Theorem 7.4. 
By (7.11), (7.12), τorbBCOV(Y ) is obtained as the ratio of two intrinsic Hermitian
structures on the complex line ℓY ⊗ ℓ−1ΣY as follows:
(7.14) τorbBCOV(Y ) =
‖( · )⊗⊗3r=0 σ⊗rr ⊗ 1⊗−1ΣY ‖2BCOV
‖ · ‖2
L2,ℓY ⊗ℓ
−1
ΣY
.
A typical example of abelian Calabi-Yau orbifold is a general anti-canonical
divisor of a toric variety of certain type. See e.g. [10, Prop. 4.13 (i)]. To ex-
tend BCOV invariants to non-abelian Calabi-Yau orbifolds, one has to deal with
three-dimensional quotient singularities obtained by finite non-abelian subgroups
of SL(C3). For the classification of such groups, see e.g. [32, Sect. 3].
8. BCOV invariants for Borcea-Voisin orbifolds
8.1. Analytic torsion for elliptic curves. Let T be an elliptic curve and let γ
be a Ka¨hler form on T . Let ξ be a non-zero holomorphic 1-form on T . We set
τell(T ) := Vol(T, γ) τ(T, γ) exp
[
1
12
∫
T
log
(
i ξ ∧ ξ
γ
)
c1(T, γ)
]
.
Since χ(T ) =
∫
T c1(T, γ) = 0, τ(T )ell is independent of the choice of ξ.
When T ∼= C/Z+ τZ, τ ∈ H, we define gT := dz⊗ dz¯/ℑτ . Then its Ka¨hler form
is given by γT :=
i
2dz∧dz¯/ℑτ . Since Vol(T, γT ) = (2π)−1
∫
T
γT = (2π)
−1, we have
(8.1) τell(T ) = (2π)
−1τ(T, γT ).
The Laplacian T0,0 of (T, gT ) acting on C
∞(T ) is given by

T
0,0 = −2ℑτ
∂2
∂z∂z¯
= −ℑτ
2
(
∂2
∂x2
+
∂2
∂y2
)
.
We have σ(T0,0) = {νm,n(T ); (m,n) ∈ Z2}, where νm,n(T ) := 2π
2
ℑτ |mτ + n|2 for
(m,n) ∈ Z2.
Theorem 8.1. For every elliptic curve T ,
τell(T ) =
(
4π ‖η (Ω(T ))4 ‖
)−1
.
Proof. Let ζT0,0(s) be the spectral zeta function of 
T
0,0. By the Kronecker limit
formula [41, p.75 Eq. (17)], we have
d
ds
∣∣∣∣
s=0
ζT0,0(s) =
d
ds
∣∣∣∣
s=0
∑
(m,n)∈Z2\{0}
(ℑτ)s/(2π2)s
|mτ + n|2s = − log
(
2‖η(τ)‖4) .
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This, together with (8.1) and the anomaly formula [5, Th. 0.2], yields the result. 
8.2. An observation of Harvey-Moore for Borcea-Voisin orbifolds. In the
rest of this paper, we prove the following:
Theorem 8.2. Let (S, θ) be a 2-elementary K3 surface of type M and let T be an
elliptic curve. Let ρ = ρ(X(S,θ,T )) = r(M) + 1 be the Picard number of X(S,θ,T ).
Then the following equality holds:
τorbBCOV
(
X(S,θ,T )
)
= 214(2π)2ρ|AM |−1 τM (S, θ)−4τell(T )−12.
Theorem 8.2 was proved by Harvey-Moore [16, Sect. V] when θ : S → S is free
from fixed points, equivalently when the type of X(S,θ,T ) is U(2)⊕ E8(2).
8.2.1. Symmetries of the spectrum of Laplacians. Let γT and γS be Ricci-flat Ka¨hler
forms on T = C/Z+ τZ and S, respectively, such that
γT :=
i dz ∧ dz¯
2ℑτ , θ
∗γS = γS .
We set
γ := pr∗1γS + pr
∗
2γT .
Then γ is a θ×(−1)T -invariant Ricci-flat Ka¨hler form on S×T and is regarded as a
Ricci-flat Ka¨hler form on X(S,θ,T ) = (S×T )/θ×(−1)T in the sense of orbifolds. Let
η and ξ be nowhere vanishing canonical forms on S and T , respectively. Then η∧ξ is
a nowhere vanishing canonical form on S× T , which we identify the corresponding
nowhere vanishing canonical form on X(S,θ,T ). By the Ricci-flatness of γS and
γT , the canonical forms η, ξ, η ∧ ξ are parallel with respect to the Levi-Civita
connections associated to the Ka¨hler forms γS , γT , γ, respectively. For simplicity,
write X for X(S,θ,T ) when there is no possibility of confusion.
Let ζp,q(s) be the spectral zeta function of p,q acting on A
p,q(X), the space of
smooth (p, q)-forms on X in the sense of orbifolds.
Lemma 8.3. The following equality of meromorphic functions on C holds∑
p,q≥0
(−1)p+qpq ζp,q(s) = 9 ζ0,0(s)− 6 ζ1,0(s) + ζ1,1(s).
Proof. By the ellipticity of the Dolbeault complex (Ap,•(X), ∂¯), we have the fol-
lowing equality of spectral zeta functions for all p ≥ 0
(8.2) ζp,0(s)− ζp,1(s) + ζp,2(s)− ζp,3(s) = 0.
Since η ∧ ξ is parallel and nowhere vanishing, the Laplacians p,0 and p,3 are
isospectral by the map ⊗(η∧ξ) : Ap,0(X) ∋ ϕ→ ϕ·(η∧ξ) ∈ Ap,3(X). In particular,
ζp,0(s) = ζp,3(s), which, together with (8.2), implies ζp,1(s) = ζp,2(s). Hence
(8.3) ζp,q(s) = ζp,3−q(s)
for all 0 ≤ p, q ≤ 3. Since p,qϕ = q,pϕ for all ϕ ∈ Ap,q(X), we get for all p, q ≥ 0
(8.4) ζp,q(s) = ζq,p(s).
By (8.3), (8.4), every ζp,q(s) is equal to one of ζ0,0(s), ζ1,0(s), ζ1,1(s). Replacing
ζp,q(s) by the corresponding ζ0,0(s) or ζ1,0(s) or ζ1,1(s), we get the result. 
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8.2.2. The spectrum of various Laplacians. Let Sp,q (resp. 
T
p,q) be the Laplacian
acting on Ap,q(S) (resp. Ap,q(T )) with respect to γS (resp. γT ). Set
Ap,q(S)± := {ϕ ∈ Ap,q(S); θ∗ϕ = ±ϕ}, S,±p,q := Sp,q|Ap,q(S)± ,
Ap,q(T )± := {ϕ ∈ Ap,q(T ); (−1T )∗ϕ = ±ϕ}, T,±p,q := Tp,q|Ap,q(T )± .
For simplicity, write S,± = S,±0,0 and 
T,± = T,±0,0 . Set h
1,1(S)± := dimkerS,±1,1 .
Let σ(S,±p,q ) (resp. σ(
T,±
p,q )) be the set of eigenvalues of 
S,±
p,q (resp. 
T,±
p,q ) counted
with multiplicities. We can write
σ(S,+) = σ(S,+0,0 ) = {0} ∐ {λ+i (S)}i∈I , σ(S,−) = σ(S,−0,0 ) = {λ−j (S)}j∈J ,
where λ+i (S) > 0 and λ
−
j (S) > 0 for all i ∈ I and j ∈ J . In what follows, for a
subset S ⊂ R, the notation ν · S implies that every element of S has multiplicity ν.
Lemma 8.4. The set σ(S,±p,q ) is given as follows:
(1) σ(S,+1,0 ) = σ(
S,−
1,0 ) = σ(
S,+
0,1 ) = σ(
S,−
0,1 ) = {λ+i (S)}i∈I ∐ {λ−j (S)}j∈J .
(2) σ(S,±1,1 ) = h
1,1(S)± · {0} ∐ 2 · {λ+i (S)}i∈I ∐ 2 · {λ−j (S)}j∈J .
Proof. Since the Dolbeault complex (Ap,•(S), ∂¯) is elliptic and since
(8.5) σ(S,±p,0 ) = σ(
S,∓
p,2 )
via the map ⊗η : Ap,0(S)± ∋ ϕ→ ϕ · η ∈ Ap,2(S)∓, we get
σ(S,±0,1 ) = (σ(
S,±
0,0 ) \ {0})∐ (σ(S,±0,2 ) \ {0}) = (σ(S,±0,0 ) \ {0})∐ (σ(S,∓0,0 ) \ {0})
= {λ+i (S)}i∈I ∐ {λ−j (S)}j∈J .
By taking the complex conjugation, we get σ(S,±1,0 ) = {λ+i (S)}i∈I ∐ {λ−j (S)}j∈J .
This proves (1). By the ellipticity of the Dolbeault complex (A1,•(S), ∂¯) and (8.5),
σ(S,±1,1 ) = h
1,1(S)± · {0} ∐ σ(S,±1,0 ) ∐ σ(S,±1,2 ) = h1,1(S)± · {0} ∐ σ(S,±1,0 ) ∐ σ(S,∓1,0 )
= h1,1(S)± · {0} ∐ 2 · {λ+i (S)}i∈I ∐ 2 · {λ−j (S)}j∈J ,
where the last equality follows from (1). This proves (2). 
For T = C/Z+ τZ and (m,n) ∈ Z2, recall that νm,n(T ) = (2π2/ℑτ)|mτ + n|2.
Then σ(T0,0) = {νm,n(T ); (m,n) ∈ Z2}. The following is classical (cf. [31, p. 166]).
Lemma 8.5. Set (Z2)∗ := Z2 \ {(0, 0)}. Then
σ(T,+) = σ(T,−1,0 ) = σ(
T,−
0,1 ) = σ(
T,+
1,1 ) = {0}∐
{
νm,n(T ); (m,n) ∈ (Z2)∗/± 1
}
,
σ(T,−) = σ(T,+1,0 ) = σ(
T,+
0,1 ) = σ(
T,−
1,1 ) =
{
νm,n(T ); (m,n) ∈ (Z2)∗/± 1
}
.
8.2.3. Various spectral ζ-functions. Let ζS,±p,q (s) and ζ
T,±
p,q (s) be the spectral zeta
functions of S,±p,q and 
T,±
p,q , respectively. Then
ζS,+(s) =
∑
i∈I
λ+i (S)
−s, ζS,−(s) =
∑
j∈J
λ−j (S)
−s,
ζT,+(s) = ζT,−(s) =
∑
(m,n)∈(Z2)∗/±1
(ℑτ)s(2π2)−s
|mτ + n|2s =
∑
(m,n)∈(Z2)∗/±1
νm,n(T )
−s.
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Following Harvey-Moore [16], we set
µ+(s) :=
∑
i∈I, (m,n)∈(Z2)∗/±1
(
λ+i (S) + νm,n(T )
)−s
,
µ−(s) :=
∑
j∈J, (m,n)∈(Z2)∗/±1
(
λ−j (S) + νm,n(T )
)−s
.
Lemma 8.6. The following equality of meromorphic functions on C holds:
ζ0,0(s) = ζ
T,+(s) + ζS,+(s) + µ+(s) + µ−(s).
Proof. Since the decomposition
A0,0(X)+ = [A0,0(T )+⊗ˆA0,0(S)+]⊕ [A0,0(T )−⊗ˆA0,0(S)−]
is orthogonal and is preserved by 0,0, we get
(8.6) σ(0,0) = σ(0,0|A0,0(T )+⊗ˆA0,0(S)+) ∐ σ(0,0|A0,0(T )−⊗ˆA0,0(S)−).
Since
(8.7) p,q(ϕ⊗ ψ) = (Sp′,q′ϕ) ⊗ ψ + ϕ⊗ (Tp′′,q′′ψ)
for all ϕ ∈ Ap′,q′(S) and ψ ∈ Ap′′,q′′ (T ) with p = p′+p′, q = q′+ q′′, it follows from
(8.7) and Lemmas 8.4 and 8.5 that
(8.8)
σ(0,0|A0,0(T )+⊗ˆA0,0(S)+) = {0} ∐ (σ(T,+) \ {0})∐ (σ(S,+) \ {0})∐{
λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1
}
,
(8.9)
σ(0,0|A0,0(T )−⊗ˆA0,0(S)−) =
{
λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1
}
.
The result follows from (8.6), (8.8), (8.9). 
Lemma 8.7. The following equality of meromorphic functions on C holds:
ζ1,0(s) = ζ
T,+(s) + ζS,+(s) + 2ζS,−(s) + 3µ+(s) + 3µ−(s).
Proof. Since the decomposition
A1,0(X)+ = [A1,0(T )+⊗ˆA0,0(S)+]⊕ [A1,0(T )−⊗ˆA0,0(S)−]
⊕ [A0,0(T )+⊗ˆA1,0(S)+]⊕ [A0,0(T )−⊗ˆA1,0(S)−]
is orthogonal and is preserved by 1,0, we get
(8.10)
σ(1,0) = σ(1,0|A1,0(T )+⊗ˆA0,0(S)+)∐ σ(1,0|A1,0(T )−⊗ˆA0,0(S)−)
∐ σ(1,0|A0,0(T )+⊗ˆA1,0(S)+) ∐ σ(1,0|A0,0(T )−⊗ˆA1,0(S)−).
By (8.7) and Lemmas 8.4 and 8.5, we get
(8.11)
σ(1,0|A1,0(T )+⊗ˆA0,0(S)+)
= σ(T,+) ∐ {λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1} ,
(8.12)
σ(1,0|A1,0(T )−⊗ˆA0,0(S)−)
= σ(S,−) ∐ {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1} ,
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(8.13)
σ(1,0|A0,0(T )+⊗ˆA1,0(S)+)
= σ(S,+1,0 ) ∐
{
λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1
}
∐ {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1}
= σ(S,+) ∐ σ(S,−) ∐ {λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1}
∐ {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1} ,
(8.14)
σ(1,0|A0,0(T )−⊗ˆA1,0(S)−) =
{
λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1
}
∐ {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1} .
The result follows from (8.10), (8.11), (8.12), (8.13), (8.14). 
Lemma 8.8. The following equality of meromorphic functions on C holds:
ζ1,1(s) = 21ζ
T,+(s) + 5ζS,+(s) + 4ζS,−(s) + 9µ+(s) + 9µ−(s).
Proof. Since the decomposition
A1,1(X)+ = [A1,1(T )+⊗ˆA0,0(S)+]⊕ [A1,1(T )−⊗ˆA0,0(S)−]
⊕ [A1,0(T )+⊗ˆA0,1(S)+]⊕ [A1,0(T )−⊗ˆA0,1(S)−]
⊕ [A0,1(T )+⊗ˆA1,0(S)+]⊕ [A0,1(T )−⊗ˆA1,0(S)−]
⊕ [A0,0(T )+⊗ˆA1,1(S)+]⊕ [A0,0(T )−⊗ˆA1,1(S)−]
is orthogonal and is preserved by 1,1, we get
(8.15)
σ(1,1) = σ(1,1|A1,1(T )+⊗ˆA0,0(S)+)∐ σ(1,1|A1,1(T )−⊗ˆA0,0(S)−)
∐ σ(1,1|A1,0(T )+⊗ˆA0,1(S)+) ∐ σ(1,1|A1,0(T )−⊗ˆA0,1(S)−)
∐ σ(1,1|A0,1(T )+⊗ˆA1,0(S)+) ∐ σ(1,1|A0,1(T )−⊗ˆA1,0(S)−)
∐ σ(1,1|A0,0(T )+⊗ˆA1,1(S)+) ∐ σ(1,1|A0,0(T )−⊗ˆA1,1(S)−).
By (8.7) and Lemmas 8.4 and 8.5, we get
(8.16)
σ(1,1|A1,1(T )+⊗ˆA0,0(S)+) = {0} ∐ (σ(T,+) \ {0})∐ (σ(S,+) \ {0})∐{
λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1
}
,
(8.17)
σ(1,1|A1,1(T )−⊗ˆA0,0(S)−) =
{
λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1
}
,
(8.18)
σ(1,1|A1,0(T )+⊗ˆA0,1(S)+) =
{
λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1
}
∐ {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1} ,
(8.19)
σ(1,1|A1,0(T )−⊗ˆA0,1(S)−)
= σ(S,−0,1 ) ∐
{
λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1
}
∐ {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1}
= (σ(S,+) \ {0})∐ σ(S,−)∐ {λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1}
∐ {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1} ,
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(8.20)
σ(1,1|A0,1(T )+⊗ˆA1,0(S)+) =
{
λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1
}
∐ {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1} .
(8.21)
σ(1,0|A0,1(T )−⊗ˆA1,0(S)−)
= σ(S,−1,0 ) ∐
{
λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1
}
∐ {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1}
= (σ(S,+) \ {0})∐ σ(S,−)∐ {λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1}
∐ {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1} ,
(8.22)
σ(1,1|A0,0(T )+⊗ˆA1,1(S)+) = h1,1(S)+ · σ(T,+0,0 ) ∐ σ(S,+1,1 )
∐ 2 · {λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1}
∐ 2 · {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1}
= h1,1(S)+ · σ(T,+0,0 ) ∐ 2 · (σ(S,+) \ {0})∐ 2 · σ(S,−)
∐ 2 · {λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1}
∐ 2 · {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1} ,
(8.23)
σ(1,1|A0,0(T )−⊗ˆA1,1(S)−) = h1,1(S)− · σ(T,−0,0 )
∐ 2 · {λ+i (S) + νm,n(T ); i ∈ I, (m,n) ∈ (Z2)∗/± 1}
∐ 2 · {λ−j (S) + νm,n(T ); j ∈ J, (m,n) ∈ (Z2)∗/± 1} .
Since h1,1(S)+ + h1,1(S)− = h1,1(S) = 20, the result follows from (8.15), (8.16),
(8.17), (8.18), (8.19), (8.20), (8.21), (8.22), (8.23). 
8.3. Proof of Theorem 8.2. SetX := X(S,θ,T ). Since Vol(S, γS) = (2π)
−2
∫
S γ
2
S/2!
and Vol(T, γT ) = (2π)
−1
∫
T γT = (2π)
−1 by definition, we get
(8.24) Vol(X, γ) = Vol(S, γS)Vol(T, γT )/2 = Vol(S, γS)/4π.
Following [12, Lemma 13.4], we compute the covolume of the lattice
H2(X,Z) = H2(S × T,Z)+ = H2(S,Z)+ ⊕H2(T,Z) ⊂ H2(S,R)+ ⊕H2(T,R)
with respect to γ. Set r = r(M) and l = l(M). Then |AM | = |M∨/M | = 2l. Since
sign(M) = (1, r− 1), there is an integral basis {e1, . . . , er} of H2(S,Z)+ ∼=M with
det (〈eα, eβ〉)1≤α,β≤r = (−1)r−12l = (−1)ρ|AM |,
where 〈·, ·〉 is the intersection pairing on H2(S,Z). Then {e1, . . . , er, [γT ]} is an
integral basis of H2(S × T,Z)+. Let 〈·, ·〉L2,γ be the L2-metric on H2(S × T,R)
with respect to γ. By the same computations as in [12, p.253], we get
(8.25) 〈eα, eβ〉L2,γ = (2π)−3
( 〈eα[γS ]〉〈eβ , [γS ]〉
〈[γS ], [γS ]〉 −
1
2
〈eα, eβ〉
)
,
(8.26) 〈eα, [γT ]〉L2,γ = 0, 〈[γT ], [γT ]〉L2,γ = 〈[γS ], [γS ]〉
(2π)3 · 4 =
Vol(S, γS)
4π
.
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By (8.25), (8.26) and [12, p.254, l.1-7], we get
(8.27)
VolL2(H
2(S × T,Z)+, γ) = det
( 〈eα, eβ〉L2,γ 〈eα, [γT ]〉L2,γ
〈eα, [γT ]〉L2,γ 〈[γT ], [γT ]〉L2,γ
)
= (−2π)−3rVol(S, γS)
4π
det
(
1
2
〈eα, eβ〉 − 〈eα[γS ]〉〈eβ , [γS ]〉〈[γS ], [γS ]〉
)
= (−1)−3r(2π)−3r−1Vol(S, γS)
2
· (−1)2−r · det (〈eα, eβ〉)
= (2π)−3ρ+22−ρ · |AM |Vol(S, γS).
Since SingX = (S × T )θ×(−1T ) = Sθ × T [2] is the 4 copies of Sθ and since
γ|SingX = γS |Sθ for every component of (S × T )θ×(−1T ), we get
(8.28)
Vol (SingX, γ|SingX) τ (SingX, γ|SingX) =
{
Vol(Sθ, γS |Sθ ) τ(Sθ, γS |Sθ )
}4
.
By Lemmas 8.6, 8.7 and 8.8, we get
(8.29)
∑
p,q≥0
(−1)p+qpq ζp,q(s) = 24ζT,+(s) + 8
{
ζS,+(s)− ζS,−(s)} .
Since ζT,+(s) = ζT,−(s) = ζT0,0(s)/2, we get by (8.29)
(8.30)
TBCOV(X, γ) = exp
(
−12 d
ds
∣∣∣∣
s=0
ζT0,0(s)− 8
d
ds
∣∣∣∣
s=0
{
ζS,+(s)− ζS,−(s)})
= τZ2(S, γS)(θ)
−4 τ(T, γT )
−12,
where the second equality follows from [44, Lemma 4.3]. Since γ, γS , γT are Ricci-
flat, it follows from (6.12), (2.4), (8.1), (8.24), (8.27), (8.28), (8.30) that
τorbBCOV(X) = TBCOV(X, γ)Vol(X, γ)
−3+χ(S×T )+3χ(S
θ×T [2])
24 VolL2
(
H2(S × T,Z)+, γ)−1
× τ (SingX, γ|SingX)−1Vol (SingX, γ|SingX)−1
= τZ2(S, γS)(θ)
−4 τ(T, γT )
−12
{
Vol(Sθ, γS |Sθ ) τ(Sθ, γS |Sθ )
}−4
× {Vol(S, γS)/4π}−3+
χ(S×T)+3χ(Sθ×T [2])
24 · (2π)3ρ−22ρ |AM |−1Vol(S, γS)−1
= 214(2π)2ρ|AM |−1 τM (S, θ)−4τell(T )−12.
Here we used χ(S × T ) = 0, χ(Sθ × T [2]) = 8(r− 10) and τell(T ) = (2π)−1τ(T, γT )
to get the last equality. 
After Corollary 0.3, we propose the following
Conjecture 8.9. For a Calabi-Yau orbifold Y and its crepant resolution Y˜ ,
τorbBCOV(Y ) = C(Y˜ /Y ) τBCOV(Y˜ ),
where C(Y˜ /Y ) is a constant depending only on the topological type of the crepant
resolution Y˜ → Y .
This conjecture may be viewed an analogue of Roan’s theorem [32] on string the-
oretic Euler characteristic for global Calabi-Yau threefolds: χorb(X,G) = χ(X˜/G).
Conjecture 8.9 is closely related to another conjecture [12, Conjecture 4.17] claim-
ing the birational invariance of BCOV invariants. We refer the reader to [26] for a
current progress on this latter conjecture.
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